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Abstract
In this thesis I examine some extensions to the concordance model of cosmology and their obser-
vational consequences. In particular, I look at how vector perturbations sourced by cosmic strings
could generate a B-mode signal in weak lensing surveys. For a string network close to the cur-
rent observational upper bound, this signal could be detected within the next 5-10 years. I also
examine model independent modified gravity and forecast the constraints that could be obtained
with the combination CMB+weak lensing+galaxy cluster counts. For the specific example of Planck
(CMB+cluster catalogue) and DES(weak lensing), deviations from General Relativity could be con-
strained to within 5% in the next 3-4 years. The forecast for cluster counts relies on mass functions
calibrated for ΛCDM+GR cosmologies, so I then investigate how reliable the predictions are in the
case of modified gravity. At first glance, it appears that the mass function formalism is reliable and,
with a little cheating, can even work in the case where modified gravity has a screening scale.
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1. Introduction
1.1. Outline of the thesis
The concordance cosmological model is the culmination of decades of research, both in terms of
theory and observations. We are now in the so-called “precision cosmology” era, with constraints
on the parameters of the cosmological model from a wide variety of observations all pointing to the
same underlying cosmology. The observations are set to improve even further, begining with the
data from the Planck satelite in January 2013, which will allow the assumptions, simplifications
and extensions to the concordance model to be tested as never before. The work comprising this
thesis looks into a couple of possible extensions to the concordance cosmological model and ways
to test them observationally. In particular, in chapter 4 I look at the effect of including vector
type metric perturbations in weak lensing observations and relate this to constraining networks of
cosmic strings. In chapter 5 I examine the currently popular topic of model independent modfied
gravity and constraints deriving from a combination of Cosmic Microwave Background (CMB),
weak lensing and galaxy cluster counts. In chapter 6 I delve into the issue of cluster counts in more
detail, including reporting the results from a suite of N-body simulations. The first two chapters
will comprise an introduction to some of the theory, observations and techniques behind present
day cosmology. The third chapter is an introduction to two extensions to the concordance model of
cosmology, cosmic strings and modified gravity, that I consider in the later chapters. Chapters 4, 5
and 6 contain the research carried out for this PhD.
1.2. The Expanding Universe
According to Einstein’s General Relativity (GR), spacetime is described by a metric
ds2 = gµνdx
µdxν (1.1)
Throughout this thesis, greek letters will be used for spacetime (4 dimensional) indices and roman
letters will be used for spatial (3 dimensional) indices. Unless stated otherwise, the Einstein sum-
mation convention is used.
The starting point for cosmology is the assumption that the universe is homogeneous and isotropic,
or equivalently that the universe is isotropic about every point1. This allows us to write down the
1Note that the universe is not believed to be homogeneous on all scales today, or homogeneous in time.
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Friedman Lemaitre Robertson Walker metric
ds2 = −c2dt2 + a2(t)
(
dr2
1− k(r/r0)2 + r
2(dθ2 + sin2 θdφ2)
)
. (1.2)
The spatial part of the metric is written in spherical polar co-ordinates and c is the speed of light.
This metric describes an expanding homogeneous and isotropic universe with spatial hypersurfaces
of constant curvature k, written in co-moving coordinates. The expansion is included through the
scale factor a(t), which is usually normalised to the value a0 = 1 today. A comoving coordinate
system is one that is carried along with the expansion of the universe. Thus, the coordinate r
is defined such that a galaxy at (rA, θA, φA), which is only moving due to the expansion of the
universe, will always be at (rA, θA, φA). The value of the coordinate r today is denoted r0. The
physical distance from the origin to that galaxy, in a flat universe, is the coordinate rA multiplied
by the scale factor a. So, at t = t1 the distance to the galaxy is a(t1)rA, and at t = t2 the distance
is a(t2)rA. The curvature k can take the values {−1, 0, 1}, corresponding to open, flat and closed
universes respectively. The time co-ordinate in this metric is that of fundamental observers, namely
those co-moving with the expansion of the universe.
There are other ways to write down this metric. In particular, there is another useful choice of
radial co-ordinate:
ds2 = −c2dt2 + a2(t) (dχ2 + Sk(χ)2(dθ2 + sin2 θdφ2)) . (1.3)
Here, Sk is a function that depends on whether the universe is open, flat or closed, and has the form
Sk(χ) =

sin(χ) (k > 0)
χ (k = 0)
sinh(χ) (k < 0)
(1.4)
The relationship between the radial coordinates is r = Sk(χ). Note that for a flat universe, the two
radial co-ordinates coincide. The proper distance to an object, i.e. the instantaneous length of a
taut tape measure held between us and the object in question, is a(t)χ. There are other cosmological
distances such as the angular diameter distance and the luminosity distance. Up to factors of (1+z),
these are the same as r.
The redshift z is related to the scale factor by a = 1/(1 + z). The redshift z is the change in
wavelength of a photon caused by the expansion of the space that it is travelling through. Because
of the constancy of the speed of light, when we observe an object at a particular redshift (assuming
it is only moving due to the expansion of the universe), that redshift corresponds to a particular
time in the universe’s history and a particular comoving distance (χ) from us. Using the metric, we
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can see that
a(t)dr2
1− kr2 = c
2dt2 (1.5)
⇒
∫ r1
0
dr√
1− kr2 = S
−1
k (r1) = χ =
∫ tobs
temit
cdt
a(t)
=
∫ tobs
temit
cdt(1 + z(t)) (1.6)
There is another time co-ordinate that can be defined as well, conformal time.
η =
∫ t
0
dt
a(t)
(1.7)
Up to a factor of c, this is the comoving distance that light could have travelled by time t. Through-
out the thesis, a dot will denote a derivative with respect to time and a prime will denote a derivative
with respect to conformal time unless otherwise stated.
1.3. Dynamics of the Universe
The evolution of the scale factor a(t) is governed by the constituents of the universe. The Con-
cordance model currently includes 5 constituents, these are baryons2, dark matter, dark energy,
photons and neutrinos. For the homogeneous universe, each constituent can be represented by 2
numbers, namely the species’ density (ρ) and pressure (p), related by the equation of state w = p/ρ.
For baryons, dark matter, dark energy and photons the equations of state are 0, 0 (baryons and
dark matter have no pressure), -1 and 1/3 respectively. The energy momentum tensor for a perfect
fluid (i.e. a fluid solely characterised by its ρ and p) is given by
Tαβ = (P + ρc
2)
vαvβ
c2
− Pgαβ (1.8)
where vα is the four velocity of the fluid. According to General Relativity, our current theory of
gravity, the scale factor is governed by the Einstein equations that relate the constituents of the
universe to the metric.
Gαβ =
8piG
c4
Tαβ − Λgαβ (1.9)
Applying the Einstein equations to the FLRW metric and the perfect fluid stress energy tensor
yields the Friedmann equation and Raychaudhuri/acceleration equation(
a˙
a
)2
=
8piGρ
3
− kc
2
a2
+
Λ
3
a¨
a
=
−4piG
3
(
ρ+ 3p/c2
)
+
Λ
3
(1.10)
There is an important value of the density that can be seen from equations (1.10), that is the critical
density ρc. This is the value of the density today if the universe is flat (k = 0) and is given by
2In cosmology, “baryons” includes electrons.
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ρc = 3H
2
0/8piG. It is convenient to express the densities of the different constituents in terms of this
value, Ωx(a) = ρx(a)/ρc(a) for constituent x and a subscript “0” refers to the value today. Then
the Friedmann equation becomes
H2(t) = H20 (Ωm,0a
−3 + Ωγ,0a−4 + Ων,0a−4 + ΩΛ,0 + Ωk,0a−2), (1.11)
where the first three subscripts refer to matter, photons and neutrinos, ΩΛ = Λ/3H
2
0 and Ωk relates
to the curvature and is given by Ωk(t) = −kc2/a(t)2H20 = 1 −
∑i Ωi(t), where the sum is over all
constituents to the universe. We will now look at the constituents of the universe in more detail.
1.4. Constituents of the Universe
The concordance cosmological model has three constituents that contribute significantly to the
dynamics of the universe today as well as several that contributed at earlier times. The latter are
photons and neutrinos, which today have densities3 Ωγ = 8.24× 10−5 and Ων < 0.014 respectively.
The equation of state of photons is wγ = 1/3 since they are relativistic particles. Neutrinos are
more complicated; they are often assumed to be massless as this is a much easier situation to
calculate. However, the standard model of particle physics has three massive neutrinos, this requires
a more careful handling than massless neutrinos. When I calculate power spectra with CAMB[77] or
MGCAMB[148] (see later), the power spectra are calculated including massless neutrinos, however
this doesn’t significantly affect the power spectra. Neutrinos are not an important part of the thesis
that follows so I will not go into any detail regarding them. Photons dominated the dynamics of
the universe up until a redshift z ∼ 1089.
The three constituents that contribute today are baryons, Ωb = 0.0449, cold dark matter, Ωc = 0.222
and the cosmological constant, Ωλ = 0.734. Baryons refers to the protons, neutrons and electrons
that make up the matter we are most familiar with on Earth. Cold dark matter has not been
identified yet however it is thought to be composed of WIMPs: Weakly Interacting Massive Particles.
There are many candidate WIMPs that come from different extensions to the standard model of
particle physics, however none have yet been found. It is possible that the effects caused by cold
dark matter have other explanations including modified gravity; I will mention this more later. As
far as cosmology goes, both baryons and cold dark matter are considered to have zero pressure and
therefore they have the same equation of state w = 0. For this reason they are sometimes considered
together as “matter”, Ωm = Ωb + Ωc.
From equations (1.10), we can see that a constituent of the universe with w ≤ −1/3 will act to
accelerate the expansion of the universe. The concordance cosmology has only one constituent that
acts like this, the cosmological constant Λ. The cosmological constant was famously added into the
Einstein Equations by Einstein himself and was later removed. It is believed to be related to the
zero point energy of quantum field theory for the standard model particle species, however the naive
3The values of the densities in this section are taken from the WMAP7 best fit values [63]
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particle physics estimates predict a Λ that isn’t even close to the correct value. The zero point energy
from a field of mass m, integrated up to a cutoff Λ is Λ4/16pi2[141]. Taking the cutoff at the planck
scale, Λ =
√
8piG, gives an energy density ∼ 2 × 1071GeV4. The current critical density is around
10−29g/cm3 or 10−47GeV4, so the discrepancy between the two is about 120 orders of magnitude.
Taking the cutoff around the much lower QCD scale gives a prediction around 10−6GeV4, which
still differs by about 40 orders of magnitude. Nonetheless, adding a component Λ to the universe,
with a critical density ΩΛ and an equation of state w = −1 provides a good fit to the data.
1.5. Fourier Space
Before going any further I want to introduce Fourier space. Transforming a function into Fourier
space means expressing it in terms of a orthonormal basis of plane waves, note that this only works
in flat space.
f˜(~k) =
∫ ∞
−∞
d3x e−i~k·~xf(~x) (1.12)
f˜(~l) =
∫ ∞
−∞
d2θ e−i~l·~θf(~θ) (1.13)
f(~x) =
∫ ∞
−∞
d3k
(2pi)3
ei
~k·~xf˜(~k) (1.14)
f(~θ) =
∫ ∞
−∞
d2l
(2pi)2
ei
~l·~θf˜(~l), (1.15)
Here, I have introduced the Fourier transforms that will be used throughout the thesis for some
function f . ~x and ~k are three dimensional and have the units of length and length−1 respectively. θ
and l will be used for weak lensing, they are two-dimensional and have no units. In Fourier space,
∂/∂xi → iki.
1.6. Perturbations in the Universe
1.6.1. Metric Perturbations
In the flat case, it is convenient to express the FLRW metric in terms of cartesian co-ordinates,
ds2 = −c2dt2 + a2(t) (dx2 + dy2 + dz2) . (1.16)
Current constraints suggest that the universe is flat, so we will specialise to this case from now on.
So far, we have only talked about the background, unperturbed universe, where homogeneity and
isotropy are perfect. Clearly that is not the case in a universe where we exist, so now I will introduce
the formalism used for cosmological perturbations. Again, we start with the FLRW metric, but then
we add the different possible perturbations. There are 3 kinds of perturbations that can be added
to the metric, namely scalar, vector and tensor, depending on how they transform under three
15
dimensional coordinate transformations.
The flat FLRW metric with all four possible scalar perturbations, written in cartesian co-ordinates,
looks like
g00 = −(1− 2ψ) (1.17)
g0i = gi0 = a(B,i) (1.18)
gij = a
2(t)((1− 2φ)δij − 2E,ij), (1.19)
where commas denote derivatives with respect to xi. There are only two real degrees of freedom
that can’t be removed by a linear co-ordinate transformation, known as a gauge transformation.
This is where the coordinates are changed by the small amount xµnew = xµ+dxµ. The perturbations
to the metric change under a gauge transformation, however it is possible to define gauge invariant
perturbations. A convenient pair to choose is
Φ = φ− 1
a
[
a(B − E′)]′ (1.20)
Ψ = ψ +
a′
a
(B − E′). (1.21)
The FLRW metric with all possible vector pertubations looks like
g00 = −1 (1.22)
g0i = gi0 = aSi (1.23)
gij = a
2(1 + Fi,j + Fj,i) (1.24)
where F and S are divergenceless (F i,i = 0). Again, there are four degrees of freedom but only
two are physical. A gauge invariant combination is Vi = Si − Fi. Tensor perturbations are gauge
invariant, and the FLRW metric with tensor perturbations looks like
g00 = −1 (1.25)
g0i = gi0 = 0 (1.26)
gij = a
2(1 + hij) (1.27)
where the tensor perturbation is traceless and divergenceless, hij = 0 and h
i
j,i = 0.
For most calculations in cosmology, the vector and tensor perturbations are ignored. This is for
several reasons. In linear perturbation theory, scalar, vector and tensor perturbations evolve inde-
pendently. So, we only need to include the perturbations that we are interested in. The majority
of the observables we are interested in in comsology are scalars, such as the distribution of matter
in the universe, so for most calculations we are only interested in scalar perturbations. Vector type
metric perturbations decay, so any initial vector perturbations quickly become irrelevant. The only
time that vector perturbations are important is if a matter source is continually generating them.
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This is not the case for perturbations to the matter and radiation that makes up the concordance
cosmological model. In chapter 4 I will examine vector perturbations in more detail. Tensor per-
turbations are gravitational waves and, although they do affect some cosmological observables such
as the polarisation of the Cosmic Microwave Background, I will not discuss them further in this
thesis.
1.6.2. Matter Perturbations
The energy momentum tensor for the matter will have perturbations as well, divided into scalar,
vector and tensor perturbations similarly to the metric perturbations. The scalar perturbations to
the energy momentum tensor look thus
δT 00 = −δρ (1.28)
δT 0i = (ρ+ P )(vi +B,i) (1.29)
δT i0 = −(ρ+ P )(vi) (1.30)
δT ij = δ
i
jP + PΠ
i
j . (1.31)
The velocity perturbation is the gradient of a scalar quantity vi = v
s
,i and the contribution to the
anisotropic stress is likewise constructed from a scalar quantity Πij = (∇i∇j + δij/3)Πs For chapter
4, we will also need the vector parts of the energy momentum tensor
δT 00 = 0 (1.32)
δT 0i = (ρ+ P )ωi (1.33)
δT ij = PΠ
i
j , (1.34)
where, ωi is a divergenceless (ωi,i = 0) contribution to the momentum and Πij is constructed from
a divergenceless vector Πij = ∇iΠj +∇jΠi.
We can now use the Einstein equations to obtain the equations relating the metric perturbations to
the matter perturbations. Choosing the conformal newtonian gauge in conformal time, the metric
with scalar perturbations looks like
g00 = −a2(η) [1 + 2Ψ(~x, η)] ,
gij = a
2(η) [1− 2Φ(~x, η)] δij , (1.35)
The Einstein equations (in Fourier space) then become
k2Ψ = −4piGa2(ρδ(a, k) + 3aH
k
(ρ+ P )vs) (1.36)
k2 (Φ−Ψ) = −12piGa2PΠs. (1.37)
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From the second equation, it is obvious that in the absence of anisotropic stress, the two scalar
potentials are equal. We can also look at the Einstein equations for vector perturbations:
Vi =
16piGa2
k2
ωi
V˙i = −8piGa
2Πi
k
− 2a˙
a
Vi. (1.38)
For a perfect fluid, the vector contribution to the anisotropic stress Πi = 0, whereas the vector part
of the T0i perturbation does not vanish[91]. Inserting this into the second equation, we can see that
Vi = C/a
2, where C is an integration constant. So, a vector perturbation to the metric decays in
the absence of sources due to the expansion of the universe.
1.6.3. Boltzmann Equation
The Einstein equations relate the matter and gravity, but the matter perturbations will change due
to influences other than gravity. To describe these effects we need the Boltzmann equation
df
dt
=
∂f
∂t
+
∂f
∂xi
· ∂x
i
∂t
+
∂f
∂p
· ∂p
∂t
+
∂f
∂pˆi
· ∂pˆ
i
∂t
= C[f ], (1.39)
this describes the change in the distribution of states in phase space due to interactions. The C[f ]
term on the right hand side describes collision terms, such as Compton scattering. For photons, the
perturbed distribution can be described as
f(~x, p, pˆ, t) =
(
exp
[
p
T (t)(1 + Θ(~x, pˆ, t))
]
− 1
)−1
. (1.40)
Here, pˆ labels the direction of photon propagation. Applying the Boltzmann equation to the con-
stituents I mentioned earlier leads to the following system of equations (in Fourier space), where I
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have left out photon polarisation and neutrinos,
Θ˙ + ikµΘ = −Φ˙− ikµΨ− τ˙
[
Θ0 −Θ + µvb − 1
2
P2(µ)Θ2
]
(1.41)
δ˙ + ikv = −3Φ˙ (1.42)
δ˙b + ikvb = −3Φ˙ (1.43)
v˙ +
a˙
a
v = −ikΨ (1.44)
v˙b +
a˙
a
vb = −ikΨ + τ˙
R
[vb + 3iΘi] (1.45)
Θ` =
1
(−i)`
∫ 1
−1
dµ
2
P`(µ)Θ(µ) (1.46)
τ(η) ≡
∫ η0
η
dη′neσTa (1.47)
1
R
≡ 4ρ¯γ
3ρ¯b
(1.48)
µ ≡ kˆ · pˆ. (1.49)
Here, v and vb are the velocities for cold dark matter and baryons respectively and δ and δb are
the density contrast for CDM and baryons. The photon perturbation Θ has been split up into its
moments Θ` using the legendre polynomials P. The first two moments correspond to an energy den-
sity perturbation and a velocity perturbation and the third moment corresponds to the anisotropic
stress. The optical depth τ is high at early times so photons have a short mean path before being
scattered. These equations, in addition to the Einstein equations considered earlier, tell us how the
different cosmological perturbations evolve with time. They are normally integrated numerically
(usually with a different gauge called the synchronous gauge) in a code such as CAMB[77].
1.7. Inflation
I haven’t yet mentioned where the initial perturbations came from. The concordance model states
that the initial perturbations in the universe were laid down during a period of inflation. In the
simplest picture, a scalar field dominates the dynamics of the universe and leads to a phase of accel-
erated expansion. During this period, the quantum fluctuations of the scalar field cause curvature
fluctuations that exit the horizon4 and are thus “frozen in”. After inflation ends and the universe
is in a deccelerating, radiation dominated phase, the perturbations re-enter the horizon and act as
the initial seeds of structure. Inflation also answers the question “Why is the universe so flat and
so homogeneous?”. Inflation has been shown to be possible under a wide variety of scenarios, from
simple, single, slow-rolling scalar fields to multiple fields with much more general properties. The
important perturbation during inflation is the curvature perturbation ζ, which is another gauge
invariant perturbation that can be defined. It is the curvature perturbation on slices of uniform
4The horizon here is the Hubble scale, c/H(z).
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energy density, ζ = φ− δρ/3(ρ+ p), where δρ is the perturbation to the energy density and ρ and
p are the background density and pressure. This is related to the conformal newtonian potential Φ
by ζ = 3Φ/2 directly after inflation. The initial conditions for ζ in the universe are expressed as a
power law around a pivot wavenumber kpivot, i.e.
ζprimordial = A
(
k
kpivot
)ns−1
(1.50)
Given the initial conditions A and ns for the perturbations in the universe, the work discussed here
is independent of the mechanism that laid them down. As the details of inflation are not pertinent
to this thesis5, I will not discuss inflation in any more detail in this thesis.
1.8. Growth and Transfer functions
We now have the system of equations and the initial conditions necessary to discuss the evolution
of the perturbations. In particular, in this section I will discuss the evolution of the gravitational
potential or equivalently, due to the poisson equation, the evolution of the density perturbation δ.
The outline of the evolution is as follows. The evolution of the potential Φ can be split up into
several parts. At early times, the modes of interest are all outside the horizon and the potential
is constant. Then, as the universe expands, modes begin to enter the horizon and evolve. During
radiation domination, modes within the horizon decay. As the universe expands, it reaches the
point where matter takes over from radiation as the dominant constituent. Whether a mode enters
the horizon before or after matter-radiation equality makes an imporant difference to its evolution.
At late times, the modes inside the horizon evolve identically. Thus, the value of the potential at
scale factor a and wavenumber k can be written as
Φ(~k, a) =
9
10
Φprimordial(~k)T (k)
D(a)
a
. (1.51)
The transfer function T(k) describes how perturbations evolve during horizon crossing and matter
radiation equality. The growth factor D(a) describes the growth that all wavelengths undergo at
late times. The factor of 9/10 ensures that the transfer function is unity for large scale modes
T (k) ≡ Φ(k, alate)
ΦLarge−Scale((k, alate)
. (1.52)
The growth function D(a) is actually the factor by which the density perturbation grows. When
the potential is constant (for example in a flat Ωm), the density perturbation grows with the scale
factor, hence the factor of a above.
5And because the author has somewhat biased and unreasonable views on inflation that no-one should have to read.
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1.9. Power Spectra and Pointy Brackets
In cosmology, our theoretical predictions are for an average over an ensemble of universes. Many
of the fields we consider (such as the density contrast or CMB temperature perturbation-see later)
have zero mean, so we are interested in the two point correlation function. For a field A(~x), this is
given by
〈A(~x)A(~x+ ~r)〉 (1.53)
and it relates to the variance of the field. It corresponds to comparing the field A at a point ~x
to the field at the point ~x + ~r. This process is then repeated for all points ~x and the average is
taken. If the values of A at points separated by ~r are uncorrelated then, when the average is taken,
the two point correlation function should be zero. If however, the values are correlated, then this
will show up in the two point correlation function. Since we believe the universe to be statistically
homogeneous and isotropic then the two point correlation function should only depend on |~r| , not
on ~x or the direction of |~r|. For most cosmological perturbations, such as the density contrast δ, the
average value of the field is zero, so the two point correlation contains the information about the
field. In addition, most cosmological fields are approximately Gaussian and a Gaussian distribution
is entirely specfied by the average value and the two point correlation function.
The two point correlation function in Fourier space is a useful quantity to consider as values of the
field at different values of k are not related. Thus we can define the power spectrum P (k) of a field
A(~k) as
〈A(~k)A∗(~k′)〉 = (2pi)3δ3(~k − ~k′)PA(k). (1.54)
In cosmology, the angular brackets mean an average over different realisations. This is equivalent
to a volume average for a sufficiently large volume. The power spectrum is thus a measure of the
variance in the field on different scales k.
1.9.1. Vector Power Spectra
I now want to go into some results regarding power spectra of vector quantities. Vector power spectra
can be defined in several different ways. Essentially, because of isotropy, the power spectrum of a
pure vector mode has only one degree of freedom; see below for a more mathematical formulation
of this statement. One way to define a power spectrum of a general vector (with scalar and pure
vector parts) is to consider the modulus:
〈V˜i(~k)V˜ ∗i (~k′)〉 = (2pi)3δ3(~k − ~k′)PV (k). (1.55)
Equally, the power spectra of the divergence and curl of the vector, which are the scalar and pure
vector parts of the general vector respectively, can be defined this way:
〈V˜i,i(~k)V˜ ∗j,j(~k′)〉 = (2pi)3δ3(~k − ~k′)P∇·V (k)and (1.56)
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〈(∇× V˜ (~k))i(∇× V˜ ∗(~k′))i〉 = (2pi)3δ3(~k − ~k′)P∇×V (k). (1.57)
Since any vector can be expressed as a sum of a scalar part and vector part, it is of no surprise that
the power spectrum of a general vector can be written in terms the two power spectra above
k2PV (k) = P∇·V (k) + P∇×V (k). (1.58)
This relation comes from expanding the curl and divergence correlation functions and expressing
the derivatives in Fourier space, ∂/∂xi → −iki. Another way to express vector power spectra is in
terms of components,
〈V˜i(~k)V˜ ∗j (~k′)〉 = (2pi)3δ3(~k − ~k′)PijPV,components(k), (1.59)
where Pij = δij − kˆikˆj . This is used only for pure (divergenceless) vectors that only have a curl
component. This definition is essentially equivalent to the definition of the power spectrum of the
curl given above: For a divergenceless vector ~V , 2k2PV,components(k) = P∇×V (k). Again, this can
be seen by expressing the derivatives in Fourier space and expanding 〈(∇× V˜ (~k))i(∇× V˜ ∗(~k′))i〉,
noticing that 〈(∇ × V˜ (~k))i(∇ × V˜ ∗(~k′))i〉 = k2Pij〈V˜i(~k)V˜ ∗j (~k′)〉. For the rest of the thesis, we
will only consider vector power spectra using the second, “component” method, so PV will mean
PV,components and I will now explain why the properties of vector perturbations allow the vector
power spectra to be defined this way. For a generic vector perturbation Vi, we can expand the
tensor it lives in in terms of an orthonormal basis in Fourier space,
g˜0i = e
β
i Y
β, (1.60)
where e0i = kˆ, and e
1
i and e
2
i are orthogonal to e
0
i and each other. Note that the sum over β here is
over 0, 1 and 2 only and by the same token an upper latin index will take the values 1 and 2 only.
Since Vi is divergenceless, it will be orthogonal to the wave vector in Fourier space kiV˜i = 0. This
implies that Y 0 is the scalar part of the perturbation,
g˜0i = e
1
iY
1 + e2iY
2. (1.61)
Now, since the ensemble average is over any possibility, including all rotations about kˆ by any angle,
then
〈Y 1(~k)Y 1∗(~k′)〉 = 〈Y 2(~k)Y 2∗(~k′)〉 = (2pi)3δ3(~k − ~k′)PV (k) (1.62)
In addition,
〈e11Y 1(~k)e21Y 2∗(~k′)〉 = 〈e12Y 1(~k)e22Y 2∗(~k′)〉 = 〈e13Y 1(~k)e23Y 2∗(~k′)〉 =
1
3
〈e1iY 1(~k)e2iY 2∗(~k′)〉 = 0.
(1.63)
This is true since the average over all possible situations contains all rotations, which is equivalent
to a rotation of the basis vectors about kˆ, which shouldn’t change the ensemble average. The last
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expression is zero due to the orthonormality of the ea basis.
So we have,
〈V˜i(~k)V˜ ∗j ~k′〉 = 〈eai Y a(~k)ebjY b∗(~k′)〉 = eai ebjδab〈Y a(~k)Y b∗(~k′)〉. (1.64)
However, since eαi g˜0i = e
α
i e
β
i Y
β = δαβY β = Y α, g˜0i = e
α
i Y
α = eαi e
α
j g˜0j and therefore e
α
i e
α
j = δij .
This means that the partial sum eai e
a
j = δij − kˆikˆj . Hence
〈V˜i(~k)V˜ ∗j ~k′〉 = (2pi)3δ3(~k − ~k′)(δij − kˆikˆj)PV (k). (1.65)
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2. Observations behind the Concordance
Cosmological Model
Having described some of the theory of the concordance cosmological model in the previous chapter,
I will now describe some of the observations that support this model and explain what they tell us
about the universe. The observations that we will look at in this section are the Cosmic Microwave
Background (CMB), weak lensing and galaxy cluster counts. I will also mention N-body simulations
and their initial conditions, finding clusters in simulations and in CMB maps (the Sunyaev Zeldovich
effect) and fisher matrices.
2.1. The Observable Universe
The universe today comprises many different structures on different scales. There are galaxies, com-
prised of billions of stars, planets, dust and gas. There are galaxy clusters, large dark matter halos
full of gas and the odd galaxy. Behind all of this, there is the Cosmic Microwave Background(CMB);
relic photons that haven’t interacted with matter for a long time, free-streaming through the uni-
verse as it expands.
Our observations of the universe currently involve examining photons, from different directions and
with different frequencies, in different ways. We can observe the CMB photons; we can observe
galaxy clusters with X-ray telescopes; we can search for galaxies with optical telescopes and many
more ways besides. Some techniques, such as weak lensing, don’t care about the frequency or in-
tensity of photons. Instead, they rely on examining the properties of the images on the sky. As
mentioned before, photons that are reaching us from further away (higher redshift) are also from
earlier in the universe’s history. The CMB photons have travelled to us since redshift z ∼ 1089
when they last interacted with matter. We cannot see photons from before this time, so this is
known as the optical horizon. In principle, we could observe signals from before this time such as
the neutrino background, but in practice this is unlikely to happen anytime soon.
After recombination, the small inhomogeneities in the universe continued to evolve until the first
stars were formed. The radiation emitted from these stars ionised the surrounding matter and, since
this epoch of reionisation, the majority of the matter in the universe has been ionised. The period
before these first stars were formed is known as the dark ages, as there were no luminous objects.
Since then, more stars and galaxies have been created, some from the explosions and collisions of
others, so we now have a rich variety of astrophysical objects in the universe.
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2.2. Weak Lensing
One of the consequences of Einstein’s General Relativity is that the path of light is bent in a gravi-
tational field. This can lead to spectacular sights like “Einstein Rings”, where the perfect alignment
of a source and a lens allow us to see a single galaxy as a ring on the sky. More importantly for cos-
mology is the consequence that any galaxy image seen on the sky may have been distorted slightly
due to gravitational lensing by masses along the line of sight. This can be used as a source of infor-
mation: if we can get a map of lensing on the sky, then this map will tell us about the distribution
of mass in the universe. The distortions mentioned here are small and this, combined with our
lack of knowledge of the true galaxy shape, means that a statistical analysis must be carried out to
extract this information.
Our starting point for the standard weak lensing calculation is the FLRW metric with scalar per-
turbations, here chosen to be in the conformal newtonian gauge1.
g00 = −1− 2Ψ (2.1)
g0i = 0 (2.2)
gij = a
2δij(1 + 2Φ) (2.3)
g00 = −1 + 2Ψ (2.4)
g0i = 0 (2.5)
gij = δij(1− 2Φ)/a2 (2.6)
We are only considering perturbations up to first order here. The non-zero derivatives of the metric
are
g00,0 = −2Ψ˙ (2.7)
g00,i = −2Ψ,i (2.8)
gij,0 = 2aa˙δij(1 + 2Φ) + 2a
2δijΦ˙ (2.9)
gij,k = 2a
2δij2Φ,k. (2.10)
We will be interested in the spatial parts of the geodesic equation, so we will need the Christoffel
symbols
Γiαβ =
giν
2
[gαν,β + gβν,α − gαβ,ν ] (2.11)
Γi00 =
Ψ,i
a2
(2.12)
Γi0j =
a˙
a
δij + Φ˙δij (2.13)
Γijk = δijΦ,k + δikΦ,j − δjkΦ,i. (2.14)
1Note that this is a slightly different metric to that used in chapter 5
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We are interested in the path of light rays, so we need the spatial parts of the geodesic equation
d2xi
dλ2
= −Γiαβ
dxα
dλ
dxβ
dλ
(2.15)
The coordinates are aligned such that xi = (x, y, χ) ≡ χ(θ1, θ2, 1) where χ is the comoving radial
distance with dχ/dη = 1 and ~θ is the vector spanning the plane orthogonal to the line of sight. Note
that the metric perturbations and ~θ are small, and the equations for the distortion will be derived
up to first order in these quantities. Since χ is defined by
χ =
∫ t0
t(a)
dt′
a(t′)
, (2.16)
then
dχ
dλ
=
dχ
dt
· dt
dλ
= −1
a
· dt
dλ
. (2.17)
Now we need a bit of a detour regarding photons. The momentum is given by
Pµ ≡ dx
µ
dλ
(2.18)
which, for photons (because they’re massless), is subject to the constraint
P 2 ≡ gµνPµP ν = −(1 + 2Ψ)(P 0)2 + gijP iP j = −(1 + 2Ψ)(P 0)2 + p2 = 0. (2.19)
Thus, dt/dλ = P 0 = p(1 − Ψ). We will also need the result that at zeroth order, the photon
momentum only changes due to the expansion of the universe, pa =constant. Now, considering the
transverse (i=1,2) components of the left hand side of the geodesic equation
d2xi
dλ2
=
p
a
(1−Ψ) d
dχ
[
p
a
(1−Ψ) d
dχ
(χθi)
]
(2.20)
and, remembering that we are only interested in linear order and that both Ψ and θ are small, we
can drop the Ψs from this equation. In addition, using pa =constant, leaves us with
d2xi
dλ2
= p2
d
dχ
[
1
a2
d
dχ
(χθi)
]
. (2.21)
Now, let’s consider the right hand side of the geodesic equation, using the same tricks as before
Γiαβ
dxα
dλ
dxβ
dλ
=
(p
a
)2
(1− 2Ψ)2Γiαβ
dxα
dχ
dxβ
dχ
. (2.22)
Using the Christoffel symbols from above
Γiαβ
dxα
dχ
dxβ
dχ
= Ψ,i − Φi − 2a˙ d
dχ
(χθi), (2.23)
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so putting the left and right hand sides together leaves us with the geodesic equation
d2xi
dλ2
= p2
d
dχ
[
1
a2
d
dχ
(χθi)
]
= −
(p
a
)2 [
Ψ,i − Φi − 2a˙ d
dχ
(χθi)
]
. (2.24)
Cancelling out the p2 factor and carrying out the first derivative on the left hand side
1
a2
d2
dχ2
(χθi)− 2
a3
da
dχ
d
dχ
(χθi) =
1
a2
[Φ,i −Ψi] + 2 a˙
a2
d
dχ
(χθi), (2.25)
and using da/dχ = a˙dt/dχ = −aa˙, we can see that the second terms on each side cancel, leaving us
with
d2
dχ2
(χθi) = [Φ,i −Ψi] . (2.26)
Note that this depends on both metric potentials, which will be important in chapter 5. For now,
we will consider the case where there is no anisotropic stress in the universe, so
d2
dχ2
(χθi) = 2Φ,i. (2.27)
We now want to integrate this equation twice. Firstly,
d
dχ
(χθi) = 2
∫ χ
0
dχ
′
Φ,i(~x(χ
′
))+constant, (2.28)
and secondly
θSi = θi +
2
χ
∫ χ
0
dχ
′′
∫ χ′′
0
dχ
′
Φ,i(~x(χ
′
)) (2.29)
where θSi is the value of θ at the source (θ(χ)) and θi is the observed angle of the source after any
deflection has taken place. We can swap around the limits of this integral, so that χ
′
< χ
′′
< χ and
0 < χ
′
< χ instead of 0 < χ
′′
< χ and 0 < χ
′
< χ
′′
. Since Φi only depends on χ
′
, we can carry out
the χ
′′
integral to get
θSi = θi + 2
∫ χ
0
dχ
′
Φ,i(~x(χ
′
))
(
1− χ
′
χ
)
. (2.30)
The different types of distortion can be expressed using
Aij ≡ ∂θ
S
i
∂θj
≡
(
1− κ− γ1 −γ2 + ρ
−γ2 − ρ 1− κ+ γ1
)
. (2.31)
The different parts of this matrix correspond to different physical effects. The convergence κ de-
scribes the magnification of the image, ρ describes the rotation of an image and γ1 and γ2 are the
two components of shear, which can be estimated by looking at the ellipticities of galaxy images.
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Taking the identity out of equation 2.31 and applying it to equation 2.30 gives
Aij − δij ≡ ψij(~θ) = 2
∫ χ
0
dχ
′
Φ,ij(~x(χ
′
))
(
1− χ
′
χ
)
, (2.32)
which describes the distortion to a background galaxy at a distance χ from us. A real survey will
contain a distribution of sources over various redshifts. Calling this (normalised) distribution W (χ),
equation 2.32 becomes
ψij(~θ) =
∫ χ∞
0
dχΦ,ij(~x(χ
′
))g(χ) (2.33)
g(χ) ≡ 2χ
∫ χ∞
χ
dχ
′
(
1− χ
χ′
)
W (χ
′
), (2.34)
where χ∞ is the furthest distance to a source in the survey. The average of each component of the
distortion tensor ψij is zero, so we will be interested in the two point correlation function or the
power spectrum. As we know the power spectrum of the potential Φ, it will be useful to deal with
the Fourier space Φ(~k), so equation 2.33 becomes
ψij(~θ) =
∫ χ∞
0
dχ(~x(χ
′
))g(χ)
∫ ∞
−∞
d3k
(2pi)3
ei
~k·~x
[
−kikjΦ˜(~k)
]
. (2.35)
The power spectrum of the components of the distortion tensor is defined by
〈ψ˜ij(~l) ψ˜∗lm(~l′)〉 = (2pi)2δ2(~l − ~l′)Pψijlm(l), (2.36)
which rearranges to give
Pψijlm(l) =
1
(2pi)2
∫ ∞
−∞
d2l
′〈ψ˜ij(~l) ψ˜∗lm(~l′)〉. (2.37)
Combining this equation with the (2d) Fourier transform of ψij(~θ),
ψij(~l) =
∫ ∞
−∞
d2θ e−i~l·~θψij(~θ), (2.38)
we get
Pψijlm(l) =
1
(2pi)2
∫∞
−∞d
2l
′∫∞
−∞d
2θ
′∫∞
−∞d
2θ e−i~l·~θe−i~l
′ ·~θ′∫ χ∞
0 dχg(χ)
∫ χ∞
0 dχ
′
g(χ
′
)〈Ωij(~x) Ω∗lm(~x′)〉
(2.39)
with Ωij given by
Ωij(~x) =
∫ ∞
−∞
d3k
(2pi)3
ei
~k·~x
[
−kikjΦ˜(~k)
]
(2.40)
28
The integral of e−i~l
′ ·~θ′ over l′ gives a delta function in θ′ and also cancels the 1
(2pi)2
factor. Then,
the integral over θ
′
sets θ
′
= 0, leaving
Pψijlm(l) =
∫ χ∞
0
dχg(χ)
∫ χ∞
0
dχ
′
g(χ
′
)
∫ ∞
−∞
d2θe−i~l·~θ〈Ωij(~x) Ω∗lm(~x
′
)〉. (2.41)
Note that now, ~x
′
= (0, 0, χ
′
). Now, let’s look at the Ω term:
〈Ωij(~x) Ω∗lm(~x
′
)〉 =
〈∫ ∞
−∞
d3k
(2pi)3
ei
~k·~x
[
−kikjΦ˜(~k)
](∫ ∞
−∞
d3k
′
(2pi)3
e−i~k
′ ·~x′
[
−kl′km′Φ˜∗(~k′)
])〉
=
∫ ∞
−∞
d3k
(2pi)3
ei
~k·~x[−kikj ]
∫ ∞
−∞
d3k
′
(2pi)3
e−i~k
′ ·~x′ [−kl′km′ ]〈Φ˜(~k)Φ˜∗(~k′)〉
=
∫ ∞
−∞
d3k
(2pi)3
ei
~k·~x[−kikj ]
∫ ∞
−∞
d3k
′
(2pi)3
e−i~k
′ ·~x′ [−kl′km′ ](2pi)3PΦ(k)δ3(~k − ~k′)
=
∫ ∞
−∞
d3k
(2pi)3
ei
~k·(~x−~x′ )[kikjklkm]PΦ(k),
where we have used the definition of the power spectrum of PΦ(k) and the properties of δ-functions.
Now, we have
Pψijlm(l) =
∫ χ∞
0
dχg(χ)
∫ χ∞
0
dχ
′
g(χ
′
)
∫ ∞
−∞
d2θe−i~l·~θ
∫ ∞
−∞
d3k
(2pi)3
ei
~k·(~x−~x′ )[kikjklkm]PΦ(k)
=
∫ χ∞
0
dχg(χ)
∫ χ∞
0
dχ
′
g(χ
′
)
∫ ∞
−∞
d3k
2pi
eik3(χ−χ
′
)δ(k1χ− l1)δ(k2χ− l2)[kikjklkm]PΦ(k)
where we have used ~x
′
= (0, 0, χ
′
) and performed the integral over θ. Performing the first two parts
of the d3k integral will, through the δ-functions, set k1χ = l1 and k2χ = l2. Integrating over the
δ-functions brings in a factor 1/χ2 (to see this change integration variable to kχ), leaving us with
Pψijlm(l) =
∫ χ∞
0
dχg(χ)
∫ χ∞
0
dχ
′
g(χ
′
)
∫ ∞
−∞
dk3
2pi
eik3(χ−χ
′
) 1
χ2
liljlllm
χ4
PΦ
(√
k23 + l
2/χ2
)
.
To get any further, we need to note that in the small angle limit, the modes that provide the
dominant contribution will have k3 << l/χ, so P (
√
k23 + l
2/χ2) → P (l/χ). To see this, first note
that in the small angle limit, l ∼ 1/θ and, since θ << 1, l/χ >> 1/χ. Now, consider a perturbation
with k3 >> 1/χ. The wavelength along the line of sight is much smaller than the distance to the
object, so there will be many oscillations and therefore cancellations along the line of sight. A
perturbation with k3 ∼ 1/χ will not suffer these cancellations, and these are the modes k3 << l/χ.
Since the argument of PΦ has been simplified, we can now perform the dk3 integral, which will
create a delta function in χ − χ′ . The integral over χ′ can then be performed, leading to the final
expression
Pψijlm(l) =
∫ χ∞
0
dχ
g2(χ)
χ2
liljlllm
χ4
PΦ (l/χ) . (2.42)
29
From an observational point of view, we are interested in the power spectra of the physical quantities
that make up the ψij matrix, κ, ρ, γ1 and γ2. These can be expressed in terms of ψij as
κ = −ψ11 + ψ22
2
γ1 = −ψ11 − ψ22
2
γ2 = −ψ12 + ψ21
2
ρ = −ψ12 − ψ21
2
. (2.43)
Using equation 2.36, their powerspectra can be expressed as
Pκ(l) =
1
4
(
Pψ1111(l) + P
ψ
2222(l) + 2P
ψ
1122(l)
)
Pγ1(l) =
1
4
(
Pψ1111(l) + P
ψ
2222(l)− 2Pψ1122(l)
)
Pγ2(l) =
1
4
(
Pψ1212(l) + P
ψ
2121(l) + 2P
ψ
1221(l)
)
Pρ(l) =
1
4
(
Pψ1212(l) + P
ψ
2121(l)− 2Pψ1221(l)
)
. (2.44)
Note that the rotation component will be zero for any symmetric ψij , like the scalar perturbation
case we are dealing with here. That is why the rotation component of ψij is usually ignored in the
literature. Defining l1 = l cosβ and l2 = l sinβ (and therefore lˆ
2
1 + lˆ
2
2 = 1)
2, and armed with the
above expressions for the powerspectra of the components and of Pψijlm, we can now calculate the
powerspectra of the convergence and shear for scalar perturbations
Pκ(l) =
l4
4
∫ χ∞
0
dχ
g2(χ)
χ6
PΦ(l/χ)
Pγ1(l) = cos
2(2β)
l4
4
∫ χ∞
0
dχ
g2(χ)
χ6
PΦ(l/χ)
Pγ2(l) = sin
2(2β)
l4
4
∫ χ∞
0
dχ
g2(χ)
χ6
l4
4
PΦ(l/χ)
Pρ = 0.
We don’t want observable quantities, such as Pγ1 and Pγ2 to depend on the coordinate system we
picked. Thankfully though, the shear field on the sky can be decomposed into “E-modes” and
“B-modes”. These are related to γ1 and γ2 by
E(~l) = cos(2β)γ1(~l) + sin(2β)γ2(~l)
B(~l) = − sin(2β)γ1(~l) + cos(2β)γ2(~l). (2.45)
2This just comes from putting the cartesian co-ordinates {l1, l2} into the polar co-ordinates {l, β}
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The E- and B-mode power spectra are thus given by
PE(l) = cos
2(2β)Pγ1(l) + sin
2(2β)Pγ2(l) + sin(2β) cos(2β)Pγ1γ2(l) = Pκ(l)
PB(l) = sin
2(2β)Pγ1(l) + cos
2(2β)Pγ2(l)− sin(2β) cos(2β)Pγ1γ2(l) = 0,
using
Pγ1γ2(l) = sin(2β) cos(2β)Pκ(l).
The E- and B-mode power spectra are thus independent of the coordinate system and correspond
to specific patterns of galaxy ellipticities on the sky. In general, at first order, the rotation is the
same as the B-mode[56] and PB(l) = Pρ(l) in the same way that PE(l) = Pκ(l)[126].See Appendix
A for more details on this.
2.3. Cosmic Microwave Background
Ever since its first detection in 1965 [99], The Cosmic Microwave Background (CMB) has proved to
be pivotal in improving our understanding of the universe. The initial discovery was an important
piece of evidence in favour of an evolving “big bang3” model, rather than a “steady state” model of
the universe [40]. The CMB photons exhibit a black body spectrum to remarkable accuracy, however
there are small temperature anisotropies of order 10−5. The power spectrum of these anisotropies
contains a lot of information about cosmological parameters such as the baryon density, the spatial
curvature and the amplitude of the initial density perturbations [63]. I will use the CMB to put
constraints on modified gravity in chapter 5. Here, I will introduce some of the key physical effects
that contribute to the temperature anisotropies of the CMB. These can all be derived quantitatively
by considering the appropriate limits of the Boltzmann system in chapter 1. I will only mention
the temperature anisotropies, however the CMB photon polarisation will also exhibit anisotropies.
I will not discuss polarisation in this thesis.
2.3.1. physical effects
The CMB photons are released at the point when the universe cooled down enough that the electrons
were captured by the baryons4. The temperature anisotropy at a point on this “last scattering
surface” will be given by the perturbation to the photon distribution Θ at that point as well as the
gravitational potential at that point. This is because photons in an overdensity(underdensity) will
lose(gain) energy as they travel out of that potential well.
On large scales, we’re observing modes that were super-horizon at recombination. The monopole Θ0
is directly related to the gravitational potential, so the large scale CMB anisotropy will essentially
just be the gravitational potential at recombination.
3The name was coined by Fred Hoyle, an opponent of the theory. He intended it to be perjorative, but the name
seems to have stuck.
4This is known as re-combination, because it is when electrons and baryons were combined for the first time.
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The situation is more complicated on smaller scales, where we encounter the acoustic oscillations.
Before recombination, the universe was hot enough for electrons to be free, meaning that photons
and baryons existed together in a tightly coupled fluid. In this regime, the only non-zero moments
of the photon distribution are the monopole and dipole. Once a given Fourier mode enters the
horizon, it begins to oscillate due to the competing forces of gravity and the pressure of the coupled
fluid. At recombination these oscillations stop, the photons travel freely and billions of years later
we observe a “snapshot” of these oscillations at recombination. These oscillations are damped by
the expansion of the universe and driven by the gravitational potential (notably from dark matter,
which isn’t part of the coupled fluid). The restoring term is the pressure of the fluid. The amount
of baryons changes how compressed the fluid is (at all points in the oscillation) since it increases the
effect of gravity relative to the pressure. Modes that are in the first part of the oscillation (the fluid
is compressed in the overdensities5) have their amplitude increased when there are more baryons.
Modes that are in the second part of the oscillation (and are therefore rarefied in the overdensities)
have their amplitude decreased when there are more baryons. The odd peaks of the temperature
anisotropies correspond to modes in the first part of the oscillation and the even peaks correspond
to modes in the second part. Thus, the ratio of the heights of the odd and even peaks is a probe of
the baryon density.
The temperature anisotropy spectrum is also sensitive to the dipole of the photon perturbation.
This corresponds to the velocity of the photons, which will be out of phase with the monopole. The
modes where the photons are moving fastest will be those where the density perturbation is at the
zero point of its oscillation, so the dipole will act to “fill in” the gaps between the monopole peaks.
Another change to the peaks occurs because this discussion has occurred in 3D whereas we observe
the sky in 2D. A given Fourier mode corresponds to a range of ` modes, which acts to broaden the
peaks.
At small scales, the peak structure is washed out by photon diffusion: The photons and baryons
are not perfectly tightly coupled, so photons can carry energy out of overdensities. This smoothes
out the inhomogeneities on the smallest scales, affecting the third peak onwards.
The oscillations occur for Fourier modes whose wavelength is within the sound horizon. This is the
distance that the sound waves can travel in the fluid between the end of inflation and recombination.
The speed of sound (cs) in the photon-baryon fluid is given by
c2s =
p˙
ρ˙
=
ρ˙γ
3(ργ + ρb)
. (2.46)
Since ργ(a) ∝ a−4 and ρb(a) ∝ a−3, the sound speed is given by
c2s =
1
3(1 + 3ρb4ργ )
. (2.47)
5Note that each Fourier mode describes overdensities and underdensities.
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Figure 2.1.: The power spectrum of the temperature anisotropies of the CMB against angular scale.
The black curve is for the WMAP best fit parameters. The red curve is for a value of
Ωbh
2 that is twice the WMAP7 best fit value. The green curve is for a value of Ωbh
2
that is half the WMAP7 best fit value.
The maximum distance that a sound wave can travel in the fluid (rs) is the integral of the sound
speed from the end of inflation until recombination (η∗ is the conformal time at recombination),
rs =
∫ η∗
0
√
1
3(1 + 3ρb4ργ )
dη. (2.48)
Solving this for the concordance cosmology leads to a comoving sound horizon of approximately
100h−1Mpc. So, modes with k ≤ 1/rs can have undergone oscillations and the peaks and troughs
will occur for modes that have krs = npi. The damping occurs for modes whose wavelength is much
smaller than the sound horizon, typically k ∼ 1Mpc−1.
The final effect I want to mention in the CMB is the Integrated-Sachs-Wolfe effect (ISW). This
effect happens after decoupling and is due to the evolution of the potentials as the photons traverse
them. Since the potentials are constant during the matter dominated era, the effect is only sourced
due to the late-time dark energy in the concordance model. This effect mostly contributes to the
large scale anisotropy.
The nice thing about the CMB is that it allows us to constrain most of the cosmological parameters
quite well. Since we can calculate the sound horizon (how far the sound waves could have travelled
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between inflation and recombination), we know where in Fourier space the first peak should be.
Projecting this onto the 2d sky that we observe involves the angular diameter distance to the sur-
face of last scattering, so we can constrain the curvature of the universe. We have already seen that
the difference in odd and even peaks is related to the baryon density. In addition, the amplitude
of the peaks (all of them) is controlled by the total matter density. A higher matter density means
larger potential wells and thus a larger amplitude of the compressions and rarefactions. Obviously
the spectrum we observe depends on the initial conditions, allowing us to constrain A and ns. In
addition, the ISW effect tells us about the curvature and ΩΛ. In figure 2.1, I show the power spec-
trum of the temperature anisotropies of the CMB against angular scale for three different values
of Ωbh
2 in order to demonstrate how this particular parameter can be constrained from CMB tem-
perature maps. Equivalent graphs could of course be constructed for the other parameters I have
mentioned, this was just chosen as a token example6. On this plot, the large scale modes that were
superhorizon at recombination are below ` ∼ 100. Between ` ∼ 100 and ` ∼ 1000, the acoustic
peaks are easily seen, these are the modes that were inside the sound horizon before recombination.
Beyond ` ∼ 1000, the damping becomes important and the power drops off.
2.3.2. Spherical Harmonics
When examing the power spectrum of the temperature anisotopies of the CMB on the sky, we
are looking at the two dimensional surface of a sphere rather than flat space. We cannot use a
standard Fourier transform, instead we use the spherical harmonics Ylm. These form a complete set
of eigenfunctions for the surface of a sphere. Recalling the definition of the temperature perturbation
Θ from equation 1.40, we can expand it as
Θ(~x, pˆ, t) =
∞∑
`=1
∑`
−`
a`m(~x, t)Y`m(pˆ), (2.49)
where the basis functions Y`m satisfy∫
dΩY`m(pˆ)Y
∗
`′m′ (pˆ) = δ``′ δmm′ , (2.50)
and Ω is the solid angle. We can invert the above to get
a`m(~x, t) =
∫
d3k
(2pi)3
ei
~k·~x
∫
dΩY ∗`m(pˆ)Θ(~k, pˆ, t), (2.51)
where I have replaced the real space Θ with the Fourier space Θ. The a`ms are zero on average, so
we are interested in the variance, denoted by C`,
〈a`ma∗`′m′ 〉 = δ``′ δmm′C`. (2.52)
6Of course, I had to include at least one such plot because a cosmology thesis without a CMB plot is just wrong.
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Combining the two above equations leads to
C` =
2
pi
∫ ∞
0
dkk2P (k)
∣∣∣∣Θ`(k)δk
∣∣∣∣2 , (2.53)
where Θ` are the moments of the temperature distribution considered earlier, P(k) is the matter
power spectrum and δ is the density contrast.
2.4. Galaxy Cluster Counts
According to the concordance cosmology, galaxy clusters consist of galaxies and large amounts of
gas bound together in a dark matter halo. They are amongst the largest collapsed objects in the
universe and correspond to the peaks of the density field. Whereas galaxies are in the non-linear
regime, galaxy clusters are closer to the linear regime, leading to the hope that galaxy cluster
numbers can be predicted from linear theory. To see this consider an object of mass M in a universe
with background density ρm. Since at early times the perturbations were very small, the matter
in the object must originally have come from a spherical region of radius R, where R = 3
√
3M
4piρm
.
This gives R = 3
√
8.6M
Ωm
h−1Mpc with the mass M in units of 1013h−1M. So, for example, a cluster
of mass M = 1013h−1M corresponds to a scale R = 3.06h−1Mpc. For the WMAP7 cosmological
parameters, the dimensionless power spectrum7 goes above 1 at k ≈ 0.3hMpc−1 ≈ 3.3h−1Mpc, a
very similar number.
2.4.1. Predicting Cluster Counts
The key paper in predicting cluster numbers was writen by Press and Schechter in 1974 [105]. Their
argument goes as follows. To start with, smooth the (linear theory) density field (δ) on scales larger
than a particular length R, this will correspond to a particular mass M, as above. The smoothing
essentially removes features smaller the smoothing scale whilst leaving features larger than the
smoothing scale unchanged. We also need to define a density threshold, δc, I will discuss this in
more detail later on. Then, the volume of space that has a density above the threshold corresponds
to the amount of space in collapsed objects of mass greater than M. A factor of 2 is added that was
justified later on8[21].
If the linear theory density field is assumed to have Gaussian statistics, this leaves us with
fcollapsed(M(R), z) =
2√
2piσ(R, z)
∫ ∞
δc
dδe−δ
2/2σ2(R,z). (2.54)
7∆2 = k
3P (k)
2pi2
8The justification at the time was that, in a Gaussian field, half of the mass is in underdensities that would never
collapse, which isn’t the case for the real universe.
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Here, σ(R, z) is the matter power spectrum at redshift z, smoothed on the scale R with a filter
function W 2(kR),
σ2M =
1
2pi2
∫ ∞
0
W 2(kR)P (k) k2 dk (2.55)
The filter function is a top hat in real space, which in Fourier space has the form
W (kR) = 3
(
sin(kR)
(kR)3
− cos(kR)
(kR)2
)
. (2.56)
Ultimately, we are interested in the number density of objects with mass between M and M + dM .
To get there, differentiate fcollapsed with respect to M and multiply by dM . This gives the fraction
of volume that is in collapsed objects with mas between M and M + dM . Dividing this by the
average volume taken up by objects of this mass (M/ρm) gives the number density of objects with
mass M to M + dM , with a minus sign included because df/dM is negative.
dn(M, z) = −ρm
M
dfcollapsed(M(R), z)
dM
dM. (2.57)
Carrying out the integral in equation 2.54, fcollapsed is given by the complementary error function,
erfc(z) =
2√
pi
∫ ∞
z
e−x
2
dx, (2.58)
which has the derivative
derfc( δc√
2σ
)
dσ
=
√
2
pi
e−
δ2c
2σ2
δc
σ2
(2.59)
Using the results for the complementary error function, as well as
dfcollapsed(M(R), z)
dM
=
dfcollapsed(M(R), z)
dσ
dσ
dM
, (2.60)
we are left with the number density of objects in the range M to M + dM being given by
dn
dM
dM = −
√
2
pi
ρ
M
dσM
dM
δc
σ2M
exp
[
−1
2
δ2c
σ2M
]
dM. (2.61)
This equation is incredibly powerful: If we know the threshold of collapse δc and the linear matter
power spectrum in our universe, then we can predict the number density of objects with different
masses. The collapse threshold δc is the value of the linear theory density contrast at the moment
of collapse for a spherical perturbation, see appendix B.
Further work justified the Press-Schechter formalism and extended it to ellipsoidal collapse [119,
120, 121]. In the past 10 years, many large N-body simulations have been carried out and used
to find numerical fits to functions inspired by the Press-Schechter approach and it’s extensions.
These formulae predict galaxy cluster counts within 5-10% for a wide range of cosmologies[20, 34],
precluding the need for N-body simulations to be run for every possible value of cosmological
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parameters.
2.5. A few points about N-body simulations
N-body simulations are an important tool in cosmology and there are many sophisticated codes now
in use. One of the defining features of an N-body code is how the gravitational force is computed,
this impacts on the speed and accuracy of the code. In chapter 6 I have used the publicly available
Gadget-2 code [124] that computes the gravitational force with a TreePM approach. The PM
(Particle Mesh) algorithm is used for calculating the force on large scales. Space is discretised onto
a mesh with particles spread between the vertices they are nearest. The gravitational potential is
then solved for on this discrete grid in Fourier space. In the Tree algorithm, the cubic volume of the
simulation is divided into 8 smaller cubic cells, each with a side length of half of the size of the full
volume. Each of those cells that contains more than 1 particle is divided up into another 8 cells,
each of which now has a side length of one quarter of the full volume. This process is continued
until the volume of each cell in the final layer contains a single particle, so the spatial resolution
therefore won’t be the same everywhere. The short range forces on particles are then calculated
directly. For cells far away from the particle in question, a coarse resolution is sufficient, so all of
the particles in sub-cells are treated as being at the centre of mass of a larger cell. For cells closer to
the particle in question, the cells will have to be opened up to a finer and finer resolution in order
to compute the forces accurately. The gravitational potential is the sum of the long range part(φl)
and the short range part(φs),
φ = −4piGρk
k2
(
e(−k
2r2s)
)
− 4piGρk
k2
(
1− e(−k2r2s)
)
= φl + φs.
The parameter rs is the scale determining the long-range to short-range split. The two potentials
can then be computed separately.
An important parameter in a simulation is the softening length . The particles in N-body simu-
lations are extremely massive and in reality objects that massive would cover a significant volume.
So, when two particles in the simulation get very close together, the gravitational force they feel is
artificially higher than if they were extended objects. The smoothing scale solves this by introducing
a length below which the gravitational force is weakened. A typical value of  is 135
Lbox
Npart
[124]. This
value can substantially affect the evolution of a simulation and for example, change cluster counts,
if not set correctly.
2.6. Finding clusters in simulations
Carrying out N-body simulations to predict cluster confronts us with a new problem; given a snap-
shot of a simulation, i.e. the positions of all of the particles at a particular moment in time, how
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can we find dark matter halos? There are two main algorithms for finding halos in the literature:
friends of friends (fof)[46, 39] and spherical overdensity (SO)[75]. The spherical overdensity algo-
rithm finds spherical regions in the simulations, such that the average density contrast inside the
region is at least ∼ 200. This value comes from the same calculation as the δc mentioned earlier
(see appendix B) and is the non-linear density contrast at virialisation, i.e. when the object is in
equilibrium and is no longer expanding or contracting. The main problem with this halo finder is
that some of the halos in simulations (and in the real world) are not spherical. An alternative halo
finder is the friends of friends alogrithm, which asks whether groups of particles are connected by a
given linking length. The linking length is b × the average interparticle separation (Lbox/ 3
√
Npart),
where Lbox is the (comoving) length of the box being simulated and Npart is the number of particles
in the simulation. Initially, it was thought that a particular value of b corresponded to a particular
iso-density contour and that the value b = 0.2 was similar to choosing a density contrast of ∼ 200
for the SO finder, however this is no longer thought to be the case. The fof finder has been found
to have a systematic error[140], but when this is taken into account can lead to mass functions that
are fairly universal[20, 34].
2.7. Initial Conditions in N-body simulations
When running N-body simulations, a particular realisation of the universe is being simulated. This
is different to a lot of theoretical calculations where the statistical properties of an ensemble of
universes are calculated. So, several N-body simulations need to be run, with different realisations
of the initial density field (that all satisfy the same power spectrum) in order to calculate theoretical
quantities. The initial conditions are often created using the Zel’dovich approximation[143], which
I will now discuss.
2.7.1. Zel’dovich Approximation
In lagrangian coordinates, the position of a particle can be expressed as
~x(t) = ~q + ~S(~q, t), (2.62)
where ~x is the usual (Eulerian) coordinate of the particle, ~q is the initial position of the particle and
~S(~q, t) is the displacement of the particle at time t (~S(~q, 0) = 0). Note that both the Lagrangian and
Eulerian coordinates are comoving, and that at t = 0, ~x(t) = ~q. In essence, Lagrangian perturbation
theory concentrates on what happens to individual particles rather than looking at what happens
at fixed points in space like the Eulerian picture.
Considering conservation of particle number allows us to relate the two pictures, via the Jacobian
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J = det(d~x/d~q): ∫
d3~xρ =
∫
d3~qρ¯
d3~x(1 + δ)ρ¯ = d3~qρ¯
(1 + δ) =
d3~q
d3~x
= 1/J.
Now, to first order, J = 1 − ∇ · ~S(~q, t), so δ = −∇ · ~S(~q, t). Now, we have a way of relating the
density field at a given time to the displacement of particles at that time. In Fourier space,
~S(~k, t) = i
~k
k2
δ(~k, t). (2.63)
Now, we just need to generate a realisation of the density field at the starting time of the N-body
simulation and we know how to set the initial displacements of the particles. The initial velocities
can be constructed in a similar way,
~u(~k, t) = i
~k
k2
δ˙(~k, t), (2.64)
where ~u is the comoving peculiar velocity and we have used ~u = ~˙x.
At linear order, we know that δ(t, ~x) = D(t)D(t0)δ(t0, ~x), where D(t) is the growing mode of linear
density perturbations and t0 is some time. So, using the relationship between δ and S(~q, t), S(~q, t) =
D(t)~S(~q, t0)/D(t0). Now, given the transfer function of the linear matter power spectrum at the
start time, the normalisation at any time t0 and the growth functions at t0 and the starting time
of the simulation, a realisation of the linear density field and therefore of the linear displacement
field can be constructed. Therefore, this approach is equivalent to assuming that, at linear order,
the particle will keep travelling in its initial (perturbed) direction. The decomposition using the
growing mode is useful for calculating the velocities, as we only need to know the linear growth rate
f(a) = dD(t)d ln a , not δ˙(
~k, t):
~u(~k, t) = i
~k
k2
δ(t0,~k)
D(t0)
a˙
a
f(a). (2.65)
With the increasing precision demanded in cosmology, 2nd order Langrangian Perturbation Theory
is being used to generate more accurate inital condtions[115, 36]. This approach goes to the next
order, so S(~q, t) is given by two terms, the first as we have considered here and the second relating
to the derivative of the term considered here. This is a relaxation of the approximation that the
particle keeps travelling exactly in its initial direction of motion.
2.8. Sunyaev-Z’eldovich Effect
One way to detect galaxy clusters in the universe is through their imprint on the CMB, this is
known as the thermal SZ effect[127]. The hot gas in clusters scatters the CMB photons, leaving
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a distortion with a particular frequency dependence. This frequency dependence makes it easy to
identify clusters in CMB temperature maps: At frequencies above 217GHz, the cluster appears as
a hot spot in the map and at frequencies below 217GHz the cluster appears as a cold spot. Thus,
by using several maps at different frequencies, clusters should be relatively easy to identify.
The change in intensity relative to the background intensity of the CMB (I0), at a point ~θ on the
sky, is given by
∆I
I0
(~θ) = y(~θ)
x4 expx
(expx−1)2
[
x
(
expx +1
expx−1
)
− 4
]
(2.66)
y(~θ) =
kBσT
mec2
∫
neTedl. (2.67)
Here, kB is the boltzmann constant, σT is the Thomson scattering cross section, me is the mass
of the electron, ne is the electron density, Te is the electron temperature and y(~θ) is the integral
of the electron pressure along the line of sight. The dimensionless frequency x is given by x ≡
hν/(kBTCMB), where TCMB is the temperature of the CMB and h is planck’s constant. The total
effect due to a cluster is the integral of y(~θ) over the solid angle covered by the cluster
Y =
∫
y(~θ)dΩ ∝ MgasT
d2A(z)
, (2.68)
where dA is the angular diameter distance, dA = χ/1 + z in a flat universe. So, the total change in
flux is given by
Sν = Y
x4 expx
(expx−1)2
[
x
(
expx +1
expx−1
)
− 4
]
. (2.69)
Thus, the smallest mass of cluster that a CMB experiment can detect will relate to the minimum
flux change that the experiment can detect, with a small redshift dependence coming from the
angular diameter distance factor.
In particular, following[41], the limiting mass at redshift z, for a detector at dimensionless frequency
x with a flux limit of Slim is given by
Mlim =
(
Slimd
2
A(z)
f(x)fbASZ(1 + z)
) 1
βSZ
. (2.70)
Here, fb is the baryon fraction and f(x) is the frequency dependence of the SZ effect, given by
f(x) =
x4ex
(ex − 1)2
(
x(ex + 1)
ex − 1 − 4
)
,
as above. For the analysis based on Planck in chapter 5, I used Slim = 30 mJy and a frequency
ν = 353 GHz. Both ASZ and βSZ are parameters from the mass-temperature relation for clusters.
The values of the constants used here are as follows: fICM = 0.06, βSZ = 1.75, and ASZ = 3.781×108.
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2.9. Fisher Information Matrix
Cosmology requires a variety of statistical tools. Here, I will discuss the Fisher Information Matrix,
which will be used in chapter 5 to forecast the constraints that could be obtained by future surveys.
The likelihood L(~x; ~θ) is the probability of a set of data ~x given the parameter values ~θ. The
probability of the parameters ~θ given the data ~x is the posterior, P (~θ|~x), which is what we ultimately
wish to calculate. With flat priors the posterior is proportional to the likelihood, so we concentrate
on calculating this. Assuming the likelihood has a single peak, the log likelihood can be taylor-
expanded around the peak ~θ0 (in parameter space) giving
lnL(~x; ~θ) = lnL(~x; ~θ0) +
1
2
(θα − θ0α) ∂
2 lnL
∂θα∂θβ
(θβ − θ0β). (2.71)
The linear term disappears because the first derivative of a function vanishes at maxima. From this
equation we can see that the second derivative term controls whether the estimates of θα and θβ
are correlated, i.e. whether the two parameters have a similar affect on the data. The likelihood L
looks like a Gaussian around the peak, with the variance of the Gaussian given by
σ2 =
(
∂2 lnL
∂θα∂θβ
)−1
. (2.72)
So, by looking at the expectation of this term, we can get an idea of the error on each parameter.
The expectation value of the derivative term, where the expectation is an average over doing the
experiment many times, is the Fisher Matrix,
Fαβ =
〈
− ∂
2 lnL
∂θα∂θβ
〉
. (2.73)
Labelling < ~x >≡ ~µ and C ≡ 〈(~x − ~µ)(~x − ~µ)T 〉 and assuming that the likelihood is given by a
Gaussian in the data (N is the number of data points),
L = (2pi)N/2|detC| exp
[
(~x− ~µ)TC−1(~x− ~µ)
]
. (2.74)
The fisher matrix is given by
Fαβ =
1
2
tr
[
C−1
∂C
∂θα
C−1
∂C
∂θβ
]
+
∂~µT
∂θα
C−1
∂~µ
∂θβ
(2.75)
In this equation, the first term comes from the dependence of the covariance matrix on the pa-
rameters and the second term comes from the dependence of the (expectation of the) data on the
parameters. When considering, for example, the CMB, the measurements of different ` modes are
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uncorrelated, so we can add the fisher matrices from each measurement:
Fαβ =
n∑
`=1
1
δC2`
∂C`
∂Pα
∂C`
∂Pβ
. (2.76)
Here, δC` is the error associated with the measurement C`, Pα denotes the parameter of interest
and C` is the 2d power spectrum of the temperature anisotropy on the sky. The error on parameter
α is given by σα =
√
(F−1)αα.
Calculating the fisher matrix for a cosmological experiment requires differentiating observables with
respect to the cosmological parameters. This is best done numerically, by varying the parameters
by a small amount around a fiducial model. For example, to constrain the standard cosmological
parameters with CMB temperature measurements, calculate the temperature C`s for the fiducial
values of Ωm, A, Ωb, H0, ns and τ . Then repeat the calculation twice, keeping the other parameters
constant, but setting Ωm = Ω
fiducial
m ± Ωfiducialm , where  is an appropriately small quantity. Then
select the next parameter, A, and vary it whilst fixing the other parameters. Once this has been
repeated for each parameter, then the derivatives of the observables can be calculated numerically
using
dC`
dp
=
C+` − C−`
2pfiducial
, (2.77)
where p is the parameter in question and C±` denotes the observable calculated with p = p
fiducial±
pfiducial. In the work presented later in this thesis, I used  = 0.01. Once the derivatives are
obtained then the fisher matrix can be calculated using equation 2.76, although note that if the
error on the measurement (δC`) depends on the measurement (such as for sample variance), then the
fiducial C` should be used. Once the fisher matrix has been inverted, the the error on parameter
Pα is simply F
−1
αα . This is known as the marginal error, i.e. what is the uncertainty on this
parameter given the uncertainty on the others. If we mystically knew the exact values for some of
the parameters, then they can be removed from the fisher matrix before inverting it, and the error
on the parameter Pα could well get smaller. Most of the time the marginal error is the relevant
quantity and is the one I will calculate in chapter 5.
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3. Not the Concordance Model
I will now briefly mention some of the theory behind two possible extensions to the concordance
model, cosmic strings and modified gravity. This will set the scene for the remaining chapters of
the thesis.
3.1. Cosmic Strings
Particle physics theories, both the standard model and beyond, have unification as a key feature.
At higher energies, particular symmetries of the theories are manifest. At lower energies, these
symmetries can be spontaneously broken, leading to a theory with reduced symmetry. Put in a
cosmological context, this means that at some earlier (hotter) time all of the symmetries of the
theories were manifest. Then, as the universe cools, these symmetries will be spontaneously broken.
One possible effect of this symmetry breaking is the formation of cosmic strings, very thin lines of
energy stretching across the universe. Here will discuss a simple example of this symmetry breaking,
as well as some of the cosmological consequences of cosmic strings and the current constraints on
them.
3.1.1. Formation
Following [31], consider the Lagrangian density
L = Dµφ∗Dµφ− 1
4
FµνF
µν − V (φ), (3.1)
where φ is complex, Dµφ = ∂µφ + ieAµφ, Fµν = ∂µAν − ∂νAµ and V (φ) is the ”Mexican Hat”
potential V = 12λ(φ
∗φ− 12η2)2 with λ and η constant. This is invariant under the U(1)1 symmetry
φ(x)→ φ(x)eiα(x), Aµ(x)→ Aµ(x)− 1e∂µα(x). At high temperatures, the fields will fluctuate around
(0,0). However, at low temperature, the ground state is the circle of radius η around the origin.
Once the temperature has cooled to a certain point, then the field φ will randomly choose a point
on the circle at each point in space. This choice will be different in different places but the field
must be continuous in space. As a result, the field will not be in the vacuum state everywhere and
there will be some lines in space where φ = 0. These lines of energy are known as cosmic strings.
There is also a connection with string theory. In string theory, the fundamental constituents of
everything are tiny vibrating strings. There are believed to be some circumstances in which these
1The group of points comprising the unit circle with multiplication as the operation.
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strings can attain a macroscopic size and play the role of cosmic strings. One circumstance in which
this can happen is in some theories of string inflation. These are models of inflation inspired by
string theory, see for example [108, 104].
3.1.2. Cosmology
After the universe has cooled enough for the symmetry breaking to take place, there will be a
random tangle of strings with a characteristic distance L. In the rest frame of the cosmic strings,
the energy per unit length is given by µ, the string tension. In a randomly chosen large box of
volume L3, the average length of string is L. Equivalently, the average energy density of strings is
µ/L2.
Initially, the strings exist in a universe that is nearly as dense as the strings themselves, thus
the motion of the strings is damped. Their length is changed by two competing effects: String
tension straightens the strings, therefore decreasing their total length, whereas the expansion of the
universe lengthens the strings. The characteristic scale increases quicker than time until the point
where L/t ∼ 1. At this point, the damping is essentially negligible and the strings start travelling
at relativistic speeds. The strings reach a scaling regime where L/t stays nearly constant, with
L/t ≈ 0.3 in the radiation dominated era and L/t ≈ 0.55 in the matter dominated era. In these
regimes, the energy density in cosmic strings is a fixed fraction of the total energy density, with
ρstrings/ρ ∼ Gµ.
There are many observational effects of cosmic strings, including gravity waves, lensing and effects
on the CMB. In the strong lensing regime, a cosmic string creates two images of the same source,
with little magnification and distortion. It should also be possible to detect cosmic strings with
weak lensing (see chapter 4). As far as the CMB goes, cosmic strings are currently constrained to
contribute no more than about 10% of the primordial temperature anisotropy, which corresponds
to a constraint Gµ . 0.7 × 10−6 [19]. However, the polarisation of the CMB promises to put
stronger constraints on the energy density of cosmic strings in the universe, with future experiments
constraining Gµ . 10−7 [17, 103].
3.1.3. Simulating networks
To compute cosmological observables, the unequal time correlators of the energy momentum ten-
sor (〈Tµν(~k, η)T ?ρλ(~k′ , η
′
)〉 = δ3(~k − ~k′)Cµνρλ(~k, η, η′)) are needed. Unfortunately, simulations are
required over a large dynamical range. This problem is solved using causality, statistical isotropy
and scaling to reduce the range that requires simulation. Seeds are scaling if the only dimensional
parameters in Cµνρλ(~k, η, η
′
) are the variables ~k, η and η
′
. Or, in other words, only the dimen-
sionless combinations of the variables appear: zi = ki
√
(ηη
′
) and r = η/η
′
. This is because in the
scaling regime, the network appears statistically the same at all times relative to the causal horizon.
Including the requirements of statistical isotropy, causality and energy momentum conservation
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reduce all of the correlators to a combination of 5 structure functions F1 to F5.
Cµνρλ(~k, η, η
′
) =
1√
ηη′
Fµνρλ (3.2)
where Fµνρλ is an analytic function of the Fi and zi.
3.2. Modified Gravity
For two of the constituents of the ΛCDM model of cosmology, dark matter and dark energy, we
have only gravitational evidence for their existence. Thus, it could be that a different theory of
gravity operates in the universe and we are seeing “evidence” for these constituents because we are
using the wrong theory of gravity. In addition, research is being conducted into quantum gravity,
essentially trying to quantise gravity in order to have a theory of all 4 fundamental interactions
that works in all regimes. These theories might reduce to exactly GR on cosmological scales or they
might not, so there are both observational and theoretical reasons to consider2 alternative theories
of gravity in cosmology.
Many models of modifed gravity have been suggested, including f(R)[59], DGP[45], f(G)[92], TeVeS[109],
Einstein-Aether[62], f(T)[15] and conformal gravity[87], and they all have various pros and cons.
See [25] for a comprehensive examination of the list of candidates. In chapters 5 and 6 of this thesis,
I will consider model independent parameterisations of modifed gravity. Why should we do this?
3.2.1. The Cinderella Principle
Consider the story of Cinderella, and in particular the plight of the Prince. He has a shoe and he
needs to find the correct owner in a country of millions of people. So, he trys the shoe on each
person in turn until he finds the person who fits the shoe. This could take him a long time! So,
what should he do? He should measure the shoe and send out a royal proclamation demanding
that people whose feet are roughly the correct size should come to the palace to try the shoe on.
Hopefully, he is now trying the shoe on a much smaller number of people. There are so many
modified gravity models in the cosmology literature, that a similar comment applies to testing them
against data, doing them one by one is potentially very time consuming. In addition, it is a good
idea to get a handle on what the data says about deviations from GR+ΛCDM in general.
3.2.2. Parameterising Modified Gravity
We now come to the crux of the matter: How should we parameterise deviations from GR+ΛCDM?
This is a topic that has received much attention recently and here I am going to mention three
approaches, drawing heavily on several papers by several different groups. The three kinds of
parameters I will mention are “trigger” parameters, evolution parameters and model parameters.
2I did say consider; I’m not claiming that a modified theory of gravity is necessary, or that it is likely.
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My work closely follows the approach of the MGCAMB group [58, 148, 101], however some potential
issues with this approach have been flagged up by Skordis, Ferreira, Baker and Zuntz [25, 150, 10,
48, 122].
Trigger parameters include EG [144], &ν[2, 1] and the growth rate parameter γ[139, 82]. These
are parameters derived directly from data with the intention of detecting a deviation from GR and
so require no discussion of how to parameterise the evolution of the perturbations. If a deviation is
detected this way then it will be difficult to isolate exactly what is different and why.
Evolution parameters include the vast majority of parameterisations in the literature. They modify
the linear Einstein equations and typically consist of two parameters, one is an effective Newton’s
constant and the other is the difference in the two potentials3. These parameters can then be
consistently probed by different observations. In general, observations probe either both potentials
(ISW, weak lensing) or solely the Newtonian potential Ψ (matter power spectrum and redshift
space distortions). An observation probing both potentials probes both evolution parameters and
an observation probing Ψ only probes one of the parameters. By combining different observations,
we can obtain strong constraints on the evolution parameters. This is the approach I will take later
in the thesis.
Model parameters[25, 150, 10, 48, 122] attempt to parameterise the space of possible theories in
order to have an obvious physical interpretation of the parameters that are being constrained. This
approach also makes it obvious which theories are being constrained. In particular, emphasis is
placed on the properties of the theories to be constrained, including gauge-form invariance4and
whether the theory is higher derivative. Note that it is unfortunately impossible to tell whether
evolution parameters satisfy gauge-form invariance.
Note that the second and third approaches are very different. Model parameters require assumptions
on the class of models that we wish to constrain and a given theory gives a unique prediction
for the model parameters. Constraints on the model parameters therefore correspond directly to
constraints on theories, a la PPN5. Evolution parameters for a given theory parameterise the solution
of the equations of motion of the theory, they depend on the initial conditions rather than being
a unique prediction of a theory. Thus, calculating the evolution parameters for a given theory is
more complicated. The evolution parameters work best in conjunction with a Principal Component
Analysis (PCA) [147, 145, 101, 58]. Here, the parameters are divided into k- and z-dependent
bins and varied independently and the best constrained eigenmodes of the Fisher Matrix are then
extracted. Thus, the manner in which the evolution of perturbations differs from ΛCDM+GR can
be established in a very general manner and, in principle, anything affecting growth (e.g. massive
neutrinos) could be written in terms of these parameters.
3At late times, the anisotropic stress in the universe is small, so in GR the potentials would be equal.
4This is the requirement that the form of the field equations is the same under a linear co-ordinate transformation, it
is the linearised version of diffeomorphism invariance. Misner, Thorne and Wheeler[90] discuss how diffeomorphism
invariance (the “background independence” of General Relativity) could be experimentally tested.
5PPN: Parameterised Post Newtonian framework, essentially parameterising the metric in the solar system in order
to constrain alternative theories of gravity.
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4. Vector Perturbations, Weak Lensing and
Cosmic Strings
4.1. Introduction.
Weak-lensing of background galaxies has earned a place in the growing observational toolkit of the
era of precision cosmology. The shearing of galaxies out to redshifts of a few has become a routine
measurement [107]. These measurements hold much promise in the quest to constrain cosmological
parameters with a particular focus on the equation of state of dark energy [135, 66]. The conventional
picture first proposed in [65] is one where correlations in the weak lensing of photon bundles can be
related statistically to the power spectrum of the evolving density field along the line of sight. The
correlations can be observed by measuring the shearing of background objects such as galaxies or
higher redshift objects such as Ly-α emitters or CMB anisotropies.
The statistical effect of the weak lensing is well understood. Scalar perturbations such as density
fluctuations generate three independent components of the matrix relating the original source to
the distorted image. The first is a trace κ which gives the amplification, or convergence of the image
and the second are two shear components, γ1 and γ2, which describe a symmetric, traceless, and
divergenceless contribution to the distortion matrix. A fourth independent component ρ, describing
rotations, can be added as an anti-symmetric contribution. However, ρ cannot be generated by linear
perturbations transforming as scalars under 3d coordinate transformations. In fact any rotational,
or curl-like, component in the surveys has been used as measure of systematic contamination of the
data [57].
A number of authors [51, 30, 110] have extended the formalism to account for the fact that scalar
density perturbations can source ρ via generation of vector (bulk flows) and tensor (gravity waves)
at second order. In both cases however, the signal is expected to be very small and it will be a
significant challenge to measure even with future surveys. Another source is intrinsic correlations
in galaxies [98, 76].
This chapter suggests an alternative source of curl-like distortions at first order in the perturbation
amplitude. The source of the signal are vector metric perturbations induced by cosmic strings along
the line of sight. Cosmic strings were first predicted in the context of symmetry breaking phase
transitions in the early universe [71]. They arise as topological defects along lines where a complex
field has remained trapped in a false vacuum after a symmetry breaking phase transition where the
field rolls down to a global vacuum selecting a random phase.
For many years cosmic strings provided an “active” alternative to the “passive” structure for-
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mation scenarios based on inflationary generated passive perturbations (the terminology originates
in [84]). The passive picture became accepted as the predominant mechanism when the first acous-
tics peaks, a clear prediction of the coherent passive scenario, were detected in the CMB [93, 88].
However a sub-dominant contribution from cosmic strings has not been ruled out [19, 12]. In recent
years renewed interest in cosmic strings has also been driven by the possibility that many string
theory models predict the generation of macroscopic strings at the end of inflation [32].
Cosmic strings carry energy and momentum and source perturbations to the metric. The metric
perturbations in turn lead to lensing of photon trajectories close to the strings. This is the source of
the well known Kaiser–Stebbins effect [68, 125] where a moving string causes a line–like discontinuity
in the CMB temperature. The signal induced in cosmic shear surveys by the scalar source of a
network of strings is smaller than that due to dark matter density perturbations along the line of
sight given current constraints on string tensions Gµ < 0.7× 10−6 (for the Abelian model [19]). In
contrast, the signal due to vector and tensor perturbations sourced by strings generates rotations
which have no counterpart, at the same order of magnitude, from density perturbations. Thus any
observations of curl–like lensing signal would provide a candidate detection of cosmic strings.
This chapter focuses on the vector mode induced signal which is expected to be an order of
magnitude greater than the tensor induced one [28]. The chapter is organized as follows; the lensing
distortion generated by a vector source is first calculated and then applied to the case of a single,
moving, straight string. Finally the statistical signal due to a network of strings is computed and
compared with the expected variance of future weak lensing surveys. We are working in the small
angle limit, θ1  1. Throughout units where c = 1 are used unless otherwise stated. Greek indices
run over all spacetime dimensions with latin indices running only over the spatial dimensions.
Overdots denote differentiation with respect to conformal time η and a (− + + +) signature is
adopted for the metric.
4.2. Vector sourced distortions.
Generalised, vector–type perturbations to the flat Friedmann-Robertson-Walker metric are given
by the contributions g0i = −a2Vi and gij = a2(Fi,j + Fj,i), where both Fi and Vi are divergenceless
vectors and a(η) is the scale factor. Two of the four independent modes specified by the two vectors
can be fixed by a choice of gauge and Fi = 0 is adopted for this calculation. The geodesic equation
can then be used to derive the effect of the perturbed metric on the trajectory of photons [42]. The
calculation here is very similar to the one carried in chapter 2, except for vector rather than scalar
perturbations. The coordinates are aligned such that xi = (x, y, χ) ≡ χ(θ1, θ2, 1) where χ is the
comoving radial distance with dχ/dη = 1 and ~θ is the vector spanning the plane orthogonal to the
line of sight. Note that Vi and ~θ are small, and the equations for the distortion will be derived up
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to first order. The Christoffel symbols for the above metric are
Γi00 = −
a˙
a
Vi − V˙i
Γi0i =
a˙
a
Γi0j =
Vj,i
2
− Vi,j
2
Γijk =
a˙
a
V iδjk
Using the Christoffel symbols in the geodesic equation, with the tricks from chapter 2, we obtain
d2(χθi)
dχ2
=
V˙i
a2
+
Vχ,i
a2
− Vi,χ
a2
, (4.1)
where i = 1 and 2 only. From here we simply integrate twice and rearrange, noting that the constant
of integration will be the observed position of the object. This leaves us with
θ′i = θi +
1
χ
∫ χ
0
dχ
′′
∫ χ′′
0
dχ
′
(
V˙i + Vχ,i − Vi,χ
a2
)
(4.2)
As before, we can swap around the limits of this integral, so that χ
′
< χ
′′
< χ and 0 < χ
′
< χ
instead of 0 < χ
′′
< χ and 0 < χ
′
< χ
′′
. Noting that the vector parts only depend on χ
′
, we obtain
θ′i = θi +
∫ χ
0
dχ
′
(
V˙i + Vχ,i − Vi,χ
a2
)(
1− χ
′
χ
)
. (4.3)
In the small angle approximation the transverse deflection can be derived as a 2 × 2 Jacobian
matrix relating the observed source position θi to its true position on the transverse source plane
θ′j as ∂θ
′
i/∂θj = δij + ψij such that
ψij =
∫ χ∞
0
dχ g(χ)
(
V˙i,j + Vχ,ij − Vi,χj
a2
)
(4.4)
with g(χ) ≡ χ ∫ χ∞χ dχ˜ (1− χ/χ˜)W (χ˜). We have introduced W (χ), the normalised source distribu-
tion function along the line of sight. This takes into account the spread of background galaxies over
different redshifts.
In the case examined here, the metric perturbations Vi are sourced by vector perturbations in the
cosmic string stress–energy tensor. These are described in terms of a divergenceless vector contribu-
tion to the string momentum ωi and a divergenceless and traceless contribution to the anisotropic
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Figure 4.1.: The geometrical setup for the single string lensing calculation. The moving string is
aligned with the y-axis, perpendicular to the line of sight. A light ray sourced at
position χ~θ ′ in the source plane (χ = χg) is imaged onto χ~θ. The vector source due to
the moving string can rotate an image in addition to the usual shearing for the general
case where the string is not aligned with the y-axis.
stress Πi. The sources are coupled to the metric perturbation via the Einstein equations
Vi =
16piGa2
k2
ωi
V˙i = −8piGa
2Πi
k
− 2a˙
a
(
16piGa2
k2
)
ωi, (4.5)
where the perturbations have been implicitly expanded in 3d plane waves exp(−i~k · ~x). Vi and V˙i
can then be eliminated to obtain the distortion tensor ψij in terms of the vector sources ωi and Πi
ψij(~x) =
2G
pi2
∫ χ∞
0
dχg(χ)
∫ ∞
−∞
d3kei
~k·~x ×
kˆj
(ˆ
kχωi − kˆiωχ − 2i a˙
a
ωi
k
− i
2
Πi
)
, (4.6)
where kˆi ≡ ki/|~k|. The convergence, shear, and rotation modes can then be inferred from the
distortion tensor using
− ψij ≡
(
κ+ γ1 γ2 + ρ
γ2 − ρ κ− γ1
)
. (4.7)
4.3. Deflection pattern around a single string.
For simplicity the straight string is assumed to be aligned with the orthogonal frame of reference
as shown in Fig. 4.1, moving with velocity vcs perpendicular to the line of sight at a distance
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χcs. The source being lensed is placed behind the string at a distance χg at position x = χθ1,
y = χθ2 in the orthogonal plane. So, W (χ) = δ(χ−χg). The vector string velocity (or momentum)
~v = (vcs, 0, 0)δ(χ−χcs)δ(x) is composed of irreducible scalar and vector components vS and ~ω, with
~v = ~∇vS + ~ω, where ~ω is divergenceless and ~∇ · ~v = ∇2vS . Thus in Fourier space the vorticity
component takes the form
~ω = ~v −
~k
k2
(
~k · ~v
)
= 2pivcse
−ikχχcsδ(ky)(kˆ2χ, 0,−kˆχkˆx) . (4.8)
Given the geometry of the setup only the 11 component of the distortion tensor is sourced by the
ω and no rotation is induced in the lensed image. The result is generalised to a string aligned in a
general direction by rotating the tensor once the component ψ11 has been obtained. A contribution
to ρ is generated upon rotation to the general configuration where the string is not aligned with the
y-axis.
Substituting (4.8) into (4.6) and neglecting the time–suppressed a˙aω term, and the subdominant Π
term [27] gives
ψ11 =
4Gvcs
pi
∫ χg
0
dχχ
(
1− χ
χg
)
×∫ ∞
−∞
d3k ei(
~k·~x−kχχcs)δ(ky)kˆχkˆx
= −4piGvcs
pi2
∫ χg
0
dχχ
(
1− χ
χg
)
d
dχ
d
dx
×∫ ∞
−∞
d3kei
~k·~xe−ikχχsδ(ky)
1
|~k|2
= 4Gvcs
∫ χg
0
dχ
(
1− χ
χg
)
×
d
dχ
d
dθ1
(
log(χ2θ21 + (χ− χs)2)
)
(4.9)
Where we have replaced kˆi with its coordinate space equivalent ∇i and then carried out the Fourier
transform. Now, ( 4.9) can be integrated by parts to obtain
ψ11 = −4Gvcs 1
χg
∫ χg
0
dχ
2χ2θ1
χ2θ21 + (χ− χs)2
(4.10)
with boundary terms vanishing, which integrates to give
ψ11 = −8Gvcs
ξ2+
{
ζξ−
[
tan−1(
1
θ1
) + tan−1
(
ξ+ − ζ
ζθ1
)]
+
θ1ξ+ + ζθ1 log
(
ξ+
ζ2
− 2
ζ
+ 1
)}
, (4.11)
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Figure 4.2.: The solution log |ρ|, in arbitrary units, as a function of angular distance θ1 from the
string and distance of the string with respect to the distance of the source object
ζ ≡ χcs/χg. The solution is only valid for θ1  1. ρ is anti-symmetric about θ1 = 0.
ζ ≡ χcs/χg and ξ± ≡ (1 ± θ21). This solution maps the only non-vanishing term of the distortion
matrix for a single string aligned with the y-axis as a function of the string position relative to the
source and the transverse angular distance from the string. It is valid in the weak-lensing ψ11  1
and small-angle θ1  1 regime. The rotation ρ arising from the general case where the string is
moving in a direction which is not aligned with the θ1 axis is obtained by rotating the solution by
an angle α to give ρ = −ψ11 sin(α)/2.
The solution for −0.5 ≤ θ1 ≤ 0.5 is shown in Fig. 4.3. Whilst the rotation peaks in the limit
ζ ∼ 1 with a steep drop-off in the transverse direction, it extends furthest in θ1 when ζ ∼ 1/2 i.e.
the case where the string is placed midway between the source and observer. For this limit the
solution is approximated by
ρ ≈ 2piGvcs sinα
(
1− 3θ21
)
, (4.12)
to second order in θ1. The lensing normally associated with cosmic strings is caused by the deficit
angle. Essentially, a cosmic string cuts out an angle from flat space time. So, if there is a string
between an observer and a galaxy, light can travel on two paths from the galaxy to the observer
and the observer will see two identical images of the same galaxy[137, 52]. For a galaxy and string
aligned this closely, the formalism we have used does not apply: There is a small region around θ1
in figure 4.3, where our results are not valid.
4.4. Vector power spectrum.
In the presence of a network of strings the signal must be calculated in terms of power spectra
averaged over the sky. In this case the signal is assumed to be generated by a scaling network of
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Figure 4.3.: The angular power spectrum of rotation for a network of strings with Gµ = 1 × 10−7.
The blue and yellow boxes show the forecasted error for two surveys with fsky = 0.1 and
fsky = 0.5 respectively. For both surveys an intrinsic shear of 0.3 was assumed together
with a density of 100 galaxies per square arcminute with a redshift distribution peaking
at z = 0.4. The errors include both sample and intrinsic elipticity noise contributions.
The intrinsic elipticity term dominates at the relatively small scales being considered.
cosmic strings with tension µ with the limit Gµ < 10−6 set by the allowed contribution to the scalar
angular power spectrum of the Cosmic Microwave Background [19]. In the small angle limit the
quantity of interest is the 2d power spectrum of ψij , 〈ψij(~l) ψ?lm(~l′)〉 = (2pi)2δ2(~l−~l′)Pψijlm(l), where
~l is the 2d Fourier transform reciprocal of ~θ. Rearranging and Fourier transforming gives
Pψijlm(l) =
1
(2pi)2
∫ ∞
−∞
d2l
′
∫ ∞
−∞
d2θ
∫ ∞
−∞
d2θ
′〈ψij(~x)ψ?lm(~x′)〉 (4.13)
After taking the small angle approximation, we get
Pψijlm(l) = 256pi
2G2
∫ χ∞
0
dχ
g2(χ)
χ3
lˆj lˆm ×
{
Pω(l)lˆi lˆl+(
δil − lˆi lˆl
)(PΠ(l)
4
+ PωΠ(l)
2a˙χ
al
+
4a˙2χ2
a2l2
Pω(l)
)}
(4.14)
where the power spectra for the source terms Pω(l), PΠ(l), and their cross–correlation PΠω(l) in the
small angle limit (kχ  l/χ) have been introduced.
The source spectra for scaling networks of cosmic strings can be written in terms of structure
functions PX(kχ, kχ
′) which have been measured from numerical simulations [7, 28, 18] and com-
puted from semi-analytical models [6, 102]. The unequal time correlators for the source terms are
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related to the structure functions through scaling laws
〈ωi(~k, χ)ω?j (~k′ , χ
′
)〉 = (2pi)3δ3(~k − ~k′)Pij Pω(kχ, kχ
′
)√
χχ′
, (4.15)
with projector Pij = δij− kˆikˆj and similar relations for 〈ΠΠ?〉 and 〈Πω?〉 correlations. For this case,
in the small angle limit, only the diagonal of the structure functions is relevant with Pω(kχ, kχ
′
)→
Pω(l) where l ≈ kχ. This is because, as discussed in Chapter 2, in the small angle limit only the
transverse modes contribute to the lensing signal. So correlations along the line of sight (different
values of χ, which is equivalent to correlations between different times) vanish.
We are interested in Pρ, the power spectrum of rotation, which is related to P
ψ
ijlm(l) by
Pρ(l) =
1
4
(
Pψ1212(l) + P
ψ
2121(l)− 2Pψ1221(l)
)
(4.16)
The 2d power spectrum for the rotation is then
Pρ(l)=
∫ χ∞
0
dχ
g2(χ)
χ3
64pi2G2
(
4a˙2χ2
a2l2
Pω(l) +
PΠ(l)
4
+
2a˙χ
al
PΠω(l)
)
, (4.17)
and the other components are given by
Pκ(l) =
∫ χ∞
0
dχ
g2(χ)
χ3
64pi2G2Pω(l)
Pγ1(l) =
∫ χ∞
0
dχ
g2(χ)
χ3
64pi2G2
((
lˆ21 − lˆ22
)2
Pω(l) + 4lˆ
2
1 lˆ
2
2
(
4a˙2χ2
a2l2
Pω(l) +
PΠ(l)
4
+
2a˙χ
al
PΠω(l)
))
Pγ2(l) =
∫ χ∞
0
dχ
g2(χ)
χ3
64pi2G2
(
4lˆ21 lˆ
2
2Pω(l) +
(
lˆ21 − lˆ22
)2(4a˙2χ2
a2l2
Pω(l) +
PΠ(l)
4
+
2a˙χ
al
PΠω(l)
))
.
Note that, following the definitions introduced in chapter 2 regarding the E- and B-mode pow-
erspectra, Pκ(l) = PE and Pρ(l) = PB. At linear order, this result holds for any perturbations,
however it ceases to be true beyond linear order.
This is essentially true because both the shear field on the sky, and the gravitational deflection, can
be written as a curl-less mode and a divergenceless mode.
To determine whether a cosmic string network could potentially be detected via the rotation signal,
(4.17) can be computed numerically. A simple power law description for the structure functions can
be adopted. This is justified by causality, scaling and symmetry requirements (see section 3.1.3)
and the relative normalisations of the different correlations can be taken from the numerical results
of [27, 85, 18]. An inverse scaling with l is assumed such that
Pω(l) = (Gµ)
2 l−1 , (4.18)
with relative normalisations ω : Π : Πω = 1 : 0.25 : 0.1. An overall amplitude (Gµ)2 = 10−14 is used
throughout.
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Fig. 4.3 shows the power spectrum of the rotation Cρ` where in the small angle limit ` ≈ l and
Cρ` ∼ (2pi)2Pρ(l). The integral in (4.17) is computed assuming a background galaxy distribution as
a function of redshift z as w(z) ∼ z2 exp(−z/z0) with z0 = 0.4 and taking the maximum redshift
to be z = 6. Cosmological parameters Ωm = 0.3, ΩΛ = 0.7 and h = 0.72 are used. Expected errors
for two surveys covering 10% and 50% of the sky are also shown. The errors include contributions
from both sample and intrinsic elipticity noise variance although the latter dominates the errors at
these scales. For both surveys a background galaxy density of 100 galaxies per square arcminute
and an average intrinsic elipticity of 0.3 was assumed.
As shown a distinct weak lensing signal generated by cosmic strings is predicted: rotation with
a specific power spectrum. Its intensity is below current sensitivity but provides an ideal target
for projected observations. If cosmic string networks exist with Gµ ∼ 10−7 then the effect should
be detectable with the next generation of surveys [134, 66]. Should it not be observed then the
constraints on a string network will become considerably tighter. The only caveat is that at this
level we can no longer assume that no curl–like modes are generated by lensing. Separating the
corresponding systematics out in these surveys will therefore be more challenging. Yet, the distinct
spectral signature of the string signal is likely to provide a simple solution to this problem.
Of course, there are other possible sources of Pρ, however according to the literature these should
all be smaller than the signal from cosmic strings. The largest source is lens-lens coupling [30, 117],
where the lens equation is corrected to take into account that the source could be lensed several
times, and this is about two orders of magnitude smaller than the signal quoted here. Other sources
include lensing by gravity waves[67], including specific examination of primordial gravity waves[43]
and by gravity waves sourced at second order by scalar perturbations [110]. Both of these effects
are orders of magnitude smaller than the lens-lens coupling correction. The vector modes generated
at second order by scalar perturbations were investigated in [61]. The result is that the power
spectrum of vector modes is ∼ 105 times smaller than the scalar power spectrum. Although they
don’t consider lensing, assuming that the lensing is also of order ∼ 105 times smaller than the scalar
lensing would give a signal about two orders of magnitude smaller than the one considered here.
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5. Testing Model Independent Modified
Gravity with Future Large Scale Surveys
5.1. Introduction
Einstein’s General Relativity (GR) is one of the principal ingredients of modern cosmology. Indeed,
it could be argued that it was only with the development of GR that cosmology really became a part
of physics. Nonetheless, it is our job as physicists to continue to test even the most fundamental
pillars of cosmology in order to refine, improve and further justify our model of the universe. There
are also fundamental reasons for considering different theories of gravity: GR is inconsistent with
quantum mechanics and the search for a theory of ‘Quantum Gravity’ is one of the holy grails of
modern physics.
It has proved to be difficult to test GR outside of the solar system, particularly as the effects of
a different theory of gravity could be degenerate with behaviour induced by different constituents
of the universe. This is the case with current observations that suggest the presence of some
form of dark matter and dark energy. Dark matter is required to explain galaxy rotation curves,
galaxy lensing, nucleosynthesis, acoustic oscillations in the CMB, and the growth of structure in
the Universe to name a few. The requirement for dark energy is underpinned by observations of
the background expansion rate and large scale structure measurement.
The question has often been raised as to whether these effects could be due to a modified gravity
theory. Proposals for such a theory include a number of f(R) theories, the Dvali Gabadadze
Porrati (DGP) model [45], conformal gravity [87], Modified Newtonian dynamics (MOND) [89] and
its covariant, relativistic extensions [109], and Einstein Aether theories [62], (see also the recent
review [25] for an exhaustive list of candidates). It is possible, if GR is indeed the correct theory of
gravity, that this debate will only be settled by the non-gravitational detection of the dark matter
and/or dark energy. However, since we do not know whether or not GR is indeed the correct theory
of gravity, it seems reasonable to consider which observations could allow us to detect modified
gravity.
More importantly, are there ways to test deviations from GR in a model independent way? There
are several advantages to a model independent approach; some alternatives to GR do exist but
there is no complete theory of, for example, quantum gravity to draw on. Also, there are no ‘stand-
out’ candidates that are universally considered to be strong alternatives. Another advantage of a
model independent approach is that the results do not rely on model selection techniques such as
χ2 per degree of freedom or other ways of choosing between competing theories. Thus, they also do
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not rely on us having the correct theory to hand. A result that is inconsistent with the GR based,
concordance cosmology will be unambiguous and therefore a strong motivator to develop alternative
theories, as well as possibly giving us a clue as to the nature of these theories.
There have been many recent studies looking at model independent tests of the dark energy/cold
dark matter (ΛCDM) paradigm in GR. These can be roughly split into two categories: consistency
checks of the ΛCDM assumption [123, 118, 1] and those that introduce new parameters to evaluate
the level of deviation from GR (see [25] for a complete review of the literature). These parametri-
sations and consistency checks have considered the majority of cosmological observations: weak
lensing, the CMB, particularly through its Integrated Sachs Wolfe (ISW) effect, Baryon Acoustic
Oscillations (BAO), SN1a Supernovae luminosity distance observations, cluster counts, and galaxy
redshift and peculiar velocity surveys. The purpose is normally to constrain both the background
expansion history and the perturbations, or growth of structure, around the background, with some
observables being sensitive to both. The constraints are then combined. This approach works well
because the growth and expansion are determined by the same quantities under the concordance
cosmology and this is the basis for the consistency checks. A parameter that can be used without
modifying gravity is γ, a parametrisation of the growth index [81, 139]:
d lnD(k, a)
d ln a
= Ωm(a)
γ . (5.1)
Here, D(k, z) = δ(k, z)/δ(k, z = ∞) where δ is the matter density contrast. For ΛCDM, γ = 0.55
is a good fit to the growth. With the modified gravity parametrisations, the parameters often
relate to the two gravitational potentials Ψ and Φ appearing in the perturbation to the Friedmann
Roberston Walker (FRW) metric. Since different observations depend on different combinations of
these potentials, combining several experiments gives the best constraints.
Constraints from current data have been examined (see [25] for a review) and the general conclu-
sion appears to be that the concordance cosmology is consistent with all of the current data. How-
ever, the data available today does not have enough constraining power to rule out even relatively
significant modifications to gravity and they are certainly not precise enough to distinguish between
modified gravity theories. Work has also gone into forecasting future constraints on a number of
theories and/or parametrisations of the modifications to GR [101, 147, 44, 37, 116, 53, 73, 54, 1].
The consensus is that future surveys will greatly improve prospects with the expectation that a
number of theories competing with GR will be ruled out.
Now is a good time to consider these issues as we are in an era where the observational front
is rapidly advancing in the field. Most, if not all, of the current and future measurements can be
brought to bear on the issue of modified gravity. We have had pioneering ground and space-based
CMB experiments over the last 20 years and now await the data from the Planck satellite [130].
Weak lensing surveys of cosmic shear have also matured into a precise observational tool [57] and
future, planned surveys promise to bring these measurements to the fore front of the data landscape
with large scale surveys underway or in the development stage (e.g. PANSTARRS [66], DES [129],
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and LSST [134]). In addition large scale surveys of galaxy redshifts have already been carried out
(SDSS [4], and 2DFGRS [26]) with even larger and deeper ones targeting BAO measurements to
come.
So far, we have only mentioned modified gravity as an alternative to dark energy. The other al-
ternative under consideration is whether the assumptions of homogeneity and isotropy are justified
and hence whether using the FRW metric itself is justified. It is also important to note that mea-
surements of the background expansion alone cannot distinguish between dark energy or modified
gravity [16] and it has also been argued that measurements of perturbations may also suffer from
this degeneracy if sufficiently complex models of perturbed dark energy are allowed [74].
In this work, we will only consider modified gravity and will look at how well some future ex-
periments, particularly DES and CMB measurements and SZ cluster counts from Planck and its
successors, will combine to constrain certain modified gravity parameters that characterise potential
deviations from GR.
In this chapter we investigate how the combination of future observations of CMB, weak lensing
(WL), and cluster counts (CC) are able to constrain the model independent parametrisation of
modified gravity theories. We restrict ourselves to the simplest form of modified gravity with at
most a linear redshift dependence in the modification and no scale dependence. These assump-
tions are fairly restrictive in terms of the physical mechanism that could underpin the modified
phenomenology but provide a simple starting point for investigation into future constraints from
different observables. In Section 5.2 we briefly review the model independent parametrisation of
modified gravity used in this work. In Section 5.3 we describe the three observables used in our
forecasts. In Section 5.4 we review the Fisher matrix formalism used in our calculations and the
experimental ‘Stages’ considered in our forecasts. Our results are presented in Section 5.5 and we
conclude with a discussion of the results in Section 6.5.
5.2. Parametrised modified gravity
There has been considerable discussion regarding the best ways to address and parametrise devi-
ations from GR. Of course, it is always possible to calculate observables in the universe given a
particular modified gravity model, and this has been done for several models: f(R), DGP, Einstein
Aether, TeVeS and conformal gravity have all been tested against cosmological data. However, it is
useful to consider general kinds of deviations from GR that can then be used as a ‘null-test’ of the
current paradigm. In other words, if there is significant evidence that the parameters we consider
differ from their values under GR, then there is clearly a case that the current model is wrong that
is not predicated on a particular modified gravity model.
Numerous sets of ‘modified gravity parameters’ (MGPs) have been suggested in the literature, see
e.g. [38] for a partial translation table and [101] for a discussion of the differences with some of the
parametrisations. Most of the parametrisations are phenomenological modifications to the Einstein
equations and typically involve a parameter relating to the strength of gravity and a parameter
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relating the two scalar potentials in the metric.
In this work we will use two parameters, η and µ, following [148]. The first, η, is the ratio of
the two potentials, η = Φ/Ψ. This will be roughly equal to unity in GR unless any of the particle
species has large anisotropic stress, this is not expected to be the case unless a significant amount of
dark matter is made up of massive neutrinos in conflict with Large Scale Structure (LSS) data. The
second, µ, is a modification of the poisson equation, and is essentially a time and space dependent
Newton’s constant. Fourier expanding the spatial dependence with wavenumbers k and assuming
isotropy, the modification of the Poisson equation is as follows
k2Ψ(a, k) = −4piGa2µ(a, k)ρ(a)∆(a, k) , (5.2)
where, a is the FRW scale factor, G is Newton’s constant, ρ is the background density of cold dark
matter and ∆ is the gauge invariant density contrast given by
∆ = δ +
3aHv
k
, (5.3)
where the cold dark matter density contrast is defined as δ = δρ(a, k)/ρ(a), v is velocity of the dark
matter and H is the Hubble parameter.
The GR limit is recovered when the function µ is constant and equal to unity. Note that we
are using the potential Ψ in the Poisson equation since this determines the acceleration of non-
relativistic particles. These MGPs have been included as parameters in the modified Einstein-
Boltzmann code MGCAMB [148] based on the well-known CAMB [77] package for integrating photon
and matter perturbations. This parametrisation can be related directly to particular models through
the definition of β and λ parameters [16, 148].
Our potentials are defined as scalar perturbations of a flat, FRW metric
g00 = − [1 + 2Ψ(~x, t)] ,
gij = a
2(t) [1− 2Φ(~x, t)] δij , (5.4)
where we have made the conformal Newtonian gauge choice to fix the remaining two scalar degrees
of freedom in the perturbed metric. In (6.6), Ψ is the Newtonian potential and is responsible for
the acceleration of massive particles whereas Φ is the curvature potential, which also contributes to
the acceleration of relativistic particles.
We will consider a number of scenarios for the phenomenological modification to the standard
gravitational force. We will assume that GR is valid up to a specified redshift. This is motivated
by the stringent conditions set on any modifications to the standard paradigm by Big Bang Nu-
cleosynthesis (BBN) observations of light element abundances in the early universe and of CMB
anisotropies at recombination. Beyond the redshift where modifications take over we will assume
either that the µ and η parameters remain constant with a given value different from unity or that
they follow a simple time-dependence.
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This simple treatment raises two issues. Firstly, the time-dependence of the modification intro-
duced in (6.7) is not motivated by any dynamical considerations and may not be self-consistent
within the framework of the underlying theory responsible for the departure from GR. This is an
unavoidable problem in the phenomenological approach taken here 1 . Secondly our prescription
does not allow for any spatial dependence of the modifications. This can be justified in part by
requiring the simplest modifications however all mechanisms which generate deviations from GR
will have to include some form of screening or cut–off mechanism, at the very least, acting on
scales close to solar system and below in order to satisfy laboratory and solar system scale tests of
GR. Indeed, all mechanisms proposed so far have have some form of explicit screening mechanism
acting either universal or environment dependent length scales. For the purpose of this exercise
we shall omit any screening mechanism, effectively assuming it acts on scales smaller than any
probed by the observations included in this work. However if the screening scale is effective at
even moderate comoving scales of a few Mpc then we would expect some sensitivity of our results
to this assumption, particularly where we have included cluster counts. We leave for future work
the determination of the effect of scale dependent modifications on cluster count predictions which
necessarily require the study of modified N-body simulations (see chapter 6). Any scale dependence
will introduce structure in the observables that, in principle, increases the degeneracies between the
MGPs and other cosmological parameters such as the spectral tilt. However, including high redshift
data such as CMB measurements in any analysis would break the additional degeneracies and we
do not expect parameter constraints to be affected significantly if all relevant scales are covered by
the observations to sufficient accuracy. In this work we will restrict ourselves to elucidating the
utility, or otherwise, of including cluster counts in combined constraints on MGPs. The background
expansion history is already constrained to be close to that of a ΛCDM model, we will therefore
assume that the modified gravity mimics the expansion history of a standard ΛCDM setup. Having
made this choice we are then left with probes of inhomogeneity as observables that could constrain
any modifications. Throughout this work we take a fiducial ΛCDM cosmology described by the
following parameters: The dimensionless Hubble rate in units of 100 Km s−1 Mpc−1, h = 0.71,
the density of matter (baryons + dark matter) and dark energy in units of the critical energy den-
sity, Ωm = 0.265, and ΩΛ = 0.735 respectively, the optical depth to recombination τ = 0.088, the
amplitude of primordial, super horizon curvature perturbations log(1010As) = 3.071 at k = 0.05h
Mpc−1 and their spectral index ns = 0.963. These parameters correspond to the WMAP 7–year
best–fit parameters [63]. This model yields a large scale structure normalisation of σ8 = 0.804 for
the standard deviations of fluctuations on scales of 8h−1 Mpc.
5.3. Observables
A number of authors have examined the use of combinations of observables for forecasting future
constraints on MGPs [101, 147, 44, 37, 116, 53, 73, 54, 1]. Combinations have included weak
1However see [122] for recent work in defining self-consistent MGPs for expansions around GR.
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lensing, CMB, galaxy redshift surveys, peculiar velocity surveys and cluster counts. In this work
we will examine the combination of CMB cross-correlated with weak lensing surveys and combined
with cluster counts. We have made this choice of observables due to the inherent simplicity in
their sensitivity to MGPs and the potential to unambiguously interpret the data. The CMB on
largest scales will be sensitive to any modification of gravity through the ISW effect as probed by
photons, whilst on the smaller scales will still provide uncorrelated constraints on the conventional
parameters of the cosmological model. Weak lensing, being a relatively low–redshift sourced signal,
will provide direct constraints on the MGPs, also, as probed by photons. The cross–correlation of
the two observables will serve to enhance the sensitivity to the MGPs and to reduce the degeneracies
between the MGPs and other parameters.
As with all probes of MGPs, a set of observables that depends on the growth of non-relativistic
matter perturbations is required to constrain any difference between metric perturbations. For this
investigation we have chosen to focus on cluster counts. These offer the prospect of an unbiased
tracer of the dark matter distribution as opposed to measurements of galaxy redshift power spectra
which are known to suffer from scale dependent biasing.
To calculate the theoretical predictions from models of modified gravity we will employ the
CAMB sources 2 package which has been modified to include modifications of gravity during the
free streaming regime after recombination (MGCAMB [148]). The CAMB sources package allows the
calculation of full–sky power spectra for a number of generic ‘sources’ which can be those of eg.
weak lensing, 21cm emission, etc. A useful feature of the package is the capability of separating out
the contribution to an individual source into redshift bins, a feature we will be making use of for
our forecasted weak lensing surveys and cluster count predictions. All the models used assume a
standard ΛCDM background and the effect of modified gravity is solely to change the evolution of
perturbations around the background. Additionally, we use the matter power spectrum calculated
by the code as an input for our calculation of the mass functions, which are integrated to give the
expected cluster counts described below.
Throughout this Section and as we discuss our results we will refer to a number of ‘Stages’ of
observations which summarise a time-line of future surveys in each category of observables discussed.
The exact definition of the Stages considered will be discussed in Section 5.4 after we introduce our
three choices of observables in more detail.
5.3.1. Cluster Counts
Galaxy clusters are some of the largest collapsed structures in the universe. According to the
standard ΛCDM cosmology, they typically consist of hot gas bound in a large cold dark matter halo.
Clusters have been looked at in the context of constraining dark energy [139, 86, 138, 5, 47, 13, 11],
and some of the studies looking at constraining γ or the MGPs [106, 139, 118, 128, 73, 112, 72].
They are a useful cosmological probe as their size corresponds to scales near the linear to non–
linear transition in the underlying dark matter power spectrum. This has several consequences:
2http://camb.info/sources/
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they probe the tail of the matter perturbation spectrum and are therefore a sensitive probe of
growth. In addition, galaxy cluster counts can be predicted accurately from linear theory, using
semi-analytic formulae or formulae calibrated from N-body simulations. These prescriptions have
been accurately calibrated using ΛCDM models but may need to be revisited if they are to be
extended to modified dark energy or gravity models. The formulae that are calibrated by N-body
simulations work over a range of cosmologies, but their suitability to perturbed dark energy and
modified gravity cosmologies have not been investigated fully. Some specific dark energy models
have been looked at [149, 79] as well as DGP [72, 112, 114, 70, 142] and f(R) [111]. In most cases
the non-linear fitting functions and mass functions have been found to be sufficiently accurate [83]
3.
As previously mentioned, we are not taking into account any physical screening mechanism in
this work which would naturally lead to modifications to the mass function and any semi-analytical
prediction of cluster counts. We will look into the impact of screening scales on the predictions in
future work (see chapter 6) and use the ΛCDM calibrated predictions for the forecasting exercise
being carried out here.
The number of clusters observable over a fraction of the sky fsky and with a redshift dependent
mass resolution limit Mlim(z) in a redshift bin spanning the interval z to z + ∆z can be calculated
by integrating the comoving number density dn/dM of objects with mass M
N∆z = 4pifsky
∫ z+∆z
z
dz′
dV
dz′ dΩ
∫ ∞
Mlim(z′)
dn
dM
dM , (5.5)
where dV/dzdΩ = r2(z)/H(z) is the comoving volume at redshift z in a flat universe, with H(z)
the Hubble rate and r(z) =
∫ z
0 dz
′/H(z′) is the comoving distance to that redshift.
Much work has gone into predicting the shape of the mass function dn/dM for a given linear power
spectrum starting with the semi-analytical Press-Schechter formalism given by the mass function
dn
dM
= −
√
2
pi
ρ
M
dσM
dM
δc
σ2M
exp
[
−1
2
δ2c
σ2M
]
, (5.6)
where ρ is the background density of dark matter today, δc = 1.686 is a critical density contrast and
σ2M is the variance of the dark matter fluctuations in a spheres of radius R = (3M/4piρ)
1/3 defined
by the integral of the linear matter power spectrum P (k) over wavenumber k
σ2M =
1
2pi2
∫ ∞
0
W 2(kR)P (k) k2 dk , (5.7)
with top-hat filter function
W (kR) = 3
(
sin(kR)
(kR)3
− cos(kR)
(kR)2
)
. (5.8)
3See also [106] for references regarding testing the fitting function from [64]
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Figure 5.1.: Cluster counts in 20 redshift bins for the fiducial ΛCDM model calculated using (6.5)
with redshift independent Mlim = 5.0 × 1014M, solid (black). We also show the
expected increase in counts for models with µ = 1.0023 (short-dashed, red), 1.0046
(long-dashed, green), and 1.0069 (dash-dotted, blue) corresponding to 1, 2, and 3σ
deviations from GR for our Stage I forecasted constraints (see Section 5.5).
Successive studies have yielded formulae of increasing complexity and accuracy [105, 21, 119, 120,
121], particularly for cluster predictions. Other approaches have used N-body calibrated empirical
formulae for the mass function. In this work we adopt the results of [64] where the mass function
is expressed as
dn
dM
= −0.316 ρ
M
dσM
dM
1
σM
exp
[−|0.67− log(σM )|3.82] . (5.9)
Since we keep an expansion history that is consistent with ΛCDM, the effect of the modified
gravity parameters will be to change the growth history and hence the matter power spectrum. The
linear matter power spectrum is calculated at the desired redshifts by the MGCAMB code, and this is
then fed into the mass function (6.5) and cluster abundance (6.1).
As can be seen in (6.5), the number of clusters is exponentially sensitive to the amount of growth
that has occurred, and should therefore provide a strong constraint on the µ parameter. This
sensitivity can be seen in Figure 5.1, where we show the expected cluster counts in redshift bins of
width ∆z = 0.1 for a Planck–like experiment observing 70% of the sky. The curve was obtained from
(6.5) assuming a constant limiting mass Mlim = 5.0 × 1014M , consistent with what is expected
of Planck [130]. We also show the increase in cluster counts expected for the same observational
setup with µ = 1.0023, 1.0046 and 1.0069 corresponding to 1, 2, and 3σ deviations from GR for our
Stage I forecasted constraints (see Section 5.5). These values represent a departure from the GR
value of µ of less than 1%, however they lead to an increase of between 5 and 10% in the number
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of observed clusters.
Our theoretical predictions for the number of clusters in redshift bins will be compared to pre-
dicted SZ catalogues for a number of future observational stages. The SZ effect [127] is a nearly
redshift independent tracer of clusters that is due to the re-scattering of CMB photons by hot in-
tracluster gas. The observational limits on SZ observations are, in principle, determined simply by
resolution and sky coverage. The frequency dependence of the effect also makes it possible to cleanly
identify clusters in any multi-frequency CMB observations spanning the null frequency of ∼ 220GHz
where the effect changes sign. An additional advantage of SZ surveys over X-ray surveys of clusters
is that the effect is less sensitive to the internal structure of the cluster than X-ray emission and
this should make it easier to obtain unbiased estimates of the cluster masses [94, 13].
In principle, the limiting mass for an SZ survey is a redshift dependent quantity. The source of this
is the change of apparent size of the cluster with redshift; the actual distortion to the temperature
has no redshift dependence. We calculated the effect that the full redshift dependent limiting mass
had on the constraints. Since the effect of the redshift dependent limiting mass on the constraints
turns out to be negligible, we have used a constant, redshift independent limiting mass for all our
forecasts.
The exponential sensitivity of cluster counts to the amplitude of the underlying density perturba-
tions introduces some issues of accuracy. The mass of a given cluster must necessarily be estimated
from some proxy signal such as X-ray temperature or SZ flux. Use of cluster counts to constrain
model parameters is therefore subject to any bias introduced in the determination of the cluster
mass from the available information. Any forecasts that do not take this uncertainty into account
may potentially underestimate the errors in model parameters.
Following [80], we consider the probability of assigning a mass M˜ to a cluster of true mass M to
be given by a Gaussian distribution in the logarithm of M
P (M˜ |M)dM˜ = 1√
2piσM
exp
[
−1
2
(M˜ −M)2
σ2M
]
dM˜ , (5.10)
where M = lnM and M˜ = ln M˜ . In defining the distribution we have assumed there is no
systematic bias in the estimates of the cluster masses, only a scatter induced by the uncertainty.
The scatter is parametrised by the standard deviation of the distribution σM.
We can now calculate the expected comoving number density given the distribution in estimated
masses with observational cutoff M˜lim
n(σM) =
∫ ∞
M˜lim
dM˜
M˜
∫ ∞
0
dM
dn
dM
P (M˜ |M) . (5.11)
Substituting in the expression for the probability and carrying out the integral yields
n(σM) =
1
2
∫ ∞
0
dM
dn
dM
erfc
[
1√
2
(M˜lim −M)
σM
]
. (5.12)
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Figure 5.2.: Total redshift distribution of the sources (solid line) and redshift coverage of the four
weak lensing bins used for forecasting the weak lensing experiments. In calculating the
redshift coverage of the bins, we have marginalised over the uncertainty in determining
the redshift of the sources.
Integrating the density over redshifts gives a modified number count as a function of the uncertainty
σM
N∆z(σM) = 4pifsky
∫ z+∆z
z
dz′ n(σM)
dV
dz′ dΩ
, (5.13)
This can be used in our forecasts to account for the uncertainty. We will adopt a reference value
of σM = 0.25 [80]. We will include the σM as an extra parameter in the Fisher matrices for the
cluster counts and marginalise it out by eliminating its contribution to the inverse Fisher matrix.
Something that we have not dealt with in the analysis is that the cluster numbers, particularly
the high mass end, represent the tail of the distribution. This could cause several problems. One is
that a given realisation is likely to have a larger change in the high mass clusters. Another is that
any non-Gaussianity that is present could have a large effect on the number of high mass clusters.
5.3.2. CMB
With the release of Planck satellite results only a few years away we are entering an era where
observations of the CMB total intensity spectrum will have reached the sample variance limit
throughout scales where primary effects dominate the signal. As such, in all of our forecasts, we
will be assuming a Planck–like observation of the CMB angular power spectrum out to multipoles
` = 2000.
The sensitivity to MGPs in the CMB spectrum is restricted to the largest scales. This is due
the constraint that gravity is not modified at early times and through recombination. This means
65
anisotropies generated through the Sachs Wolfe effect on super-horizon scales and acoustic effects
on sub-horizon scales at recombination will not be affected by our late time modifications. The
only signal will arise on the largest scales due to the ISW effect which is sourced as the Universe
transitions into a dark energy dominated model and the potential starts to decay. The effect can
be described by the integral of the time-derivative of the sum of metric potentials along the line of
sight as photons free stream after recombination(
δT
T
)
`
= −
∫ τ0
0
e−θ(τ)
∂
∂τ
[Φ(1 + η)] j`[k(τ − τ0)] dτ , (5.14)
where (δT/T )` is the multipole expanded, Fourier transform of the CMB temperature fluctuation
at conformal time today, τ0, θ is the optical depth, and the spherical Bessel functions j` describe
the projection of plane–wave modes on the celestial sphere. The ISW contributes to the power on
the largest scales as it is only sourced at late times (we will disregard any effect from the early
ISW effect due to potential evolution close to the radiation to matter transition). These modes are
fundamentally ill–sampled due to the small number of a`m coefficients on these scales and also suffer
degeneracy with other effects such as the Sachs Wolfe signal from last scattering and the effect of
reionisation. One way to gain further constraining power from such a sample variance limited signal
is to cross-correlate the CMB with other large scale observables, indeed, low-significance detections
of a dark energy component have been reported via cross–correlation with a number of tracer of
large scale structure [35, 29, 22, 3, 33, 49, 100, 50, 23]. We will also take advantage of this by
cross-correlating with template weak lensing surveys.
As our template CMB observable we take an angular power spectrum C` from the best–fit ΛCDM
model and add sample and noise variance according to a Planck–like survey covering an area corre-
sponding to 70% of the sky. The error at each multipole can be calculated from the observational
parameters via
δC` =
√
2
fsky(2`+ 1)
(C` +N`) , (5.15)
where N` is a function of resolution (θ), the number of detectors (Ndet) and Noise Equivalent
Temperature (TNET) in a given channel, as well as the overall integration time (ttot)
N` =
[
1
(σθ)2
exp
(
−`(`+ 1)θ
8 ln 2
)]−1
, (5.16)
with σ evaluated as
σ =
4pifsky
θ
TNET√
Ndetttot
. (5.17)
For our Planck–like survey, we will use the values θ = 7.1 arcminutes, Ndet = 32, TNET = 62.0 µK
s1/2, fsky = 0.7 and ttot = 14 months.
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Table 5.1.: Parameters used for the three Stages of future observations used in our forecasts.
fκsky Ng f
SZ
sky Mlim (M)
Stage I 0.121 2.14× 108 0.7 5.0× 1014
Stage II 0.485 3.6× 108 0.7 2.5× 1014
Stage III 0.485 2.88× 109 0.7 1.0× 1014
5.3.3. Weak lensing
The third observable we will use is the convergence power spectrum from weak lensing surveys.
Weak lensing is a relatively new cosmological tool and is a measure of the small distortions of back-
ground galaxies due to gravitational lensing by large scale structure [65]. Distortions of individual
background galaxies are virtually impossible to measure due to the intrinsic ellipticity of galaxies.
However, statistical results averaging over large numbers of galaxies are now routinely reported
[107]. The convergence κ is a measure of the Laplacian of the potentials responsible for the lensing
along the line of sight and can be calculated as an integral over the comoving radial distance r as
κ =
k2
2
∫ r∞
0
Φ(1 + η) g(r)dr , (5.18)
where we have expressed quantities in the Fourier domain and g(r) is a filter function determined
by the redshift distribution of background galaxies being lensed w[r(z)]
g(r) = r
∫ r∞
0
[
1− r
′
r
]
w(r′) dr′ . (5.19)
The convergence power spectra can be calculated using MGCAMB for the modified gravity case and
can be split into contributions from separate redshift bins assuming the observations are able to
obtain sufficiently accurate photometric redshifts of the background sources. In all cases we will
include multipoles ` ≤ 2000 to avoid complications that arise due to lensing from non-linear scales.
For our initial weak lensing survey, we consider a DES-like survey. DES is a ground based survey
at the Cerro-Tololo Inter-American Observatory in Chile that is scheduled to begin observations
in 2011. It will survey 5000 sq deg over 5 years and aims to constrain dark energy with 4 probes:
supernovae, BAO, galaxy clusters and weak lensing, the latter being the probe we are interested in
here. We consider 4 redshift bins between z = 0 and z = 2, following the prescription in [101].
One of the biggest sources of error in these surveys will be errors in the photometric determination
of redshifts of the background galaxies. We model the overall redshift distribution of the sources as
w(z) = Ng
4√
pi
z2
z3?
exp
[
−z
2
z2?
]
, (5.20)
such that
∫
w(z) dz = Ng, the total number of background galaxies and z? defines the median
67
Figure 5.3.: The cross–correlation signal between CMB temperature and weak lensing convergence
from Stage I type survey combination (see Table 5.1) as a function of angular multipole
`. The curves shown are for the fiducial ΛCDM model. The cross–correlation is shown
in four redshift bins with amplitude increasing with redshift. The inset shows the
fractional change in the cross–correlation signal with MGP values η = 1.03 and µ =
1.008 corresponding to a 1σ shift given our final constraints (see Section 5.5).
redshift of the distribution. We take a reference value of z? = 0.46 for our template weak lensing
surveys.
We can take into account the uncertainty in photometric redshifts when breaking down the signal
into contributions from different redshift bins. We define four, overlapping distributions wi(z) with
i =1, 2, 3, and 4 with the constraint
w(z) =
4∑
i=1
wi(z) , (5.21)
with
wi(z) =
1
2
w(z)
[
erfc
(
zi−1 − z√
2σ(z)
)
− erfc
(
zi − z√
2σ(z)
)]
. (5.22)
The bins are centred at redshifts zi corresponding to 0.1, 0.5, 0.9, and 1.3, as shown in Figure 5.2,
with the photometric redshift error given by σ = 0.05(1 + z).
We can model the statistical error in the angular power spectrum of the convergence from each
redshift bin as a sum of sample and noise contributions
δCκi` =
√
2
fsky(2`+ 1)
(
Cκi` +
〈γ2〉
N ig
)
, (5.23)
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Figure 5.4.: Fisher constraints on η and µ from the combination of Stage I CMB and weak lensing ob-
servations with and without cross–correlation (orange/dot-dashed ellipse and red/solid
ellipse respectively).
where 〈γ2〉 is the variance of the intrinsic ellipticity of a typical galaxy in the survey and N ig =∫
wi(z) dz is the number of galaxies in each redshift bin. See table 5.1 for the parameters used to
model the three Stages of weak lensing experiments. In all cases 〈γ2〉 = 0.16 and the photometric
redshift error is given by σ = 0.05(1 + z).
With the advent of large scale weak lensing surveys the possibility of cross-correlating CMB and
convergence maps will become a reality. This will make use of all the available information in the
data since the signal in two such maps will be correlated. The cross–correlation will be most useful in
this case since dependence on MGPs is expected to be strongest on the largest scales. In Figure 5.3
we show the expected cross–correlation signal between CMB and the four weak lensing survey
redshift bins used in our analysis. The inset shows the fractional change in the cross–correlation
induced by a change in MGPs from their fiducial GR values to η = 1.03 and µ = 1.008. These
correspond to 1σ deviations from the fiducial values given our forecasted constraint obtained from
CMB and weak lensing data alone (see Section 5.5).
5.4. Forecasts
Before discussing the forecasts I have carried out, I will briefly discuss the current observational
constraints on this parameterisation. Although various analyses have been carried out, comparing
between analyses can be difficult. The constraints will depend on the assumptions on the forms used
for the parameters (see [150]), such as the redshift where the modification appears and any time
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Figure 5.5.: Fisher constraints on η and µ from cross-correlated CMB and weak lensing measure-
ments (Stage I) are shown by the red area (dot-dashed contour). The improvement
obtained by adding Stage I cluster counts is seen in the green area (solid contour). The
outer ellipse corresponds to the inner ellipse of Fig. 5.4. Adding an uncertainty in the
mass assignment for the clusters of σM = 0.25 decreases the impact of adding cluster
data as shown by the yellow (dashed) ellipse.
or space dependence of the MGPs. These parameters should really be constrained by splitting the
parameters up into many independent values at different times and scales, and then using a principle
component analysis to determine the values that are constrained. This is the only way to allow the
MGPs to be sufficiently free and so avoid artifial constraints on them. Several papers have carried
out analyses with current data that are fairly equivalent to the parameterisation considered here.
In [37], the parameter V is equivalent to my µ and the parameter G is equivalent to µ(1 + η) and
is therefore the combination probed directly by weak lensing. Using data from WMAP, supernovae
and CFHTLS weak lensing, the constraints on V are of order 1 between redshift 1 and 2 with the
constraints being slightly worse on larger scales (k < 10−2) or below redshift 1. The constraints on
G are an order of magnitude smaller, and again are worse for larger scales and below redshift 1. In
[145], µ and η are constrained with a combination of WMAP5 data, CFHTLS weak lensing data
and CMB-galaxy cross correlation data (this last picks out the effect of the ISW). The constraints
are typically 0.1-0.5 depending on the combination of experiments under consideration, with the
full combination yielding µ = 0.9 ± 0.21 and η = 1.3 ± 0.56. In common with the forecasts here,
the constraints on µ were tighter than the constraints on η. In [14], the parameter Q is similar to
µ, although the poisson equation is defined as in GR with Φ rather than Ψ and the parameter R
is similar to the parameter η. These parameters are then expressed as an interpolation between
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Stage I Stage II Stage III
Parameter CMB ⊗ WL CMB ⊗ WL + CC CMB ⊗ WL CMB ⊗ WL + CC CMB ⊗ WL CMB ⊗ WL + CC
∆η 3.0× 10−2 5.5× 10−3(1.5× 10−2) 1.8× 10−2 4.4× 10−3(8.8× 10−3) 1.5× 10−2 2.4× 10−3(5.5× 10−3)
∆µ 8.4× 10−3 2.3× 10−3(4.5× 10−3) 5.5× 10−3 2.1× 10−3(3.1× 10−3) 4.8× 10−3 1.5× 10−3(2.1× 10−3)
Table 5.2.: Fisher errors on η and µ for Stage I, II, and III observations for different combinations
of observables: cross–correlation of CMB and weak lensing (CMB ⊗ WL) and addition
cluster counts (CC). The values in brackets show how the errors are affected by the
marginalisation over a mass assignment error.
a superhorizon value and a subhorizon value, with a particular time dependence. For the most
subhorizon limit, the 95% confidence regions are 0.97 ≤ Q ≤ 2.65 and 0.43 ≤ R ≤ 1.76, which
become 1.19 ≤ Q ≤ 2.83 and 0.47 ≤ R ≤ 1.61 when the parameterisation is fixed to be identical
to GR on superhorizon scales. In all cases, the data are consistent with GR+ΛCDM, although
potential systematics have been identified in the datasets through these analyses [37, 145].
In this Section we carry out forecasts for a number of future observational ‘Stages’. Since the
Planck satellite will provide a sample variance limited map of CMB total intensity anisotropies
covering angular scales where the signal of interest lies we will use our Planck–like setup as the
CMB contribution throughout. For weak lensing and cluster counts we will assume three distinct
observational stages corresponding to short, medium, and long–term development of survey sizes
and accuracies.
• Stage I: Corresponds to a Planck-like cluster survey and a DES (Dark Energy Survey)-like
weak lensing survey. DES is being carried out on the Cerro Tololo Inter-American Observatory
in the Chilean Andes and should start taking data in late 2011. DES is modelled with a total
of 214 million galaxies over 12% of the sky.
• Stage II: This stage includes a weak lensing survey based on PANSTARRS and as such is
modelled with a total of 360 million galaxies over 48.5% of the sky. The SZ survey is modelled
by keeping the same fsky as with Planck, but lowering the limiting mass to 2.5 × 1014M.
This corresponds to lowering the smallest change in flux that the SZ survey can detect.
• Stage III: This includes a weak lensing survey based on the LSST, due to begin taking data
in 2020. This survey is modelled with the same fraction of the sky as PANSTARRS (48.5%),
but with a total number of galaxies of 2880 million. The third stage SZ survey assumes a
limiting mass of 1.0× 1014M.
The sampling characteristics for the three Stages are summarised in Table 5.1. We have kept
the same intrinsic ellipticity, redshift bins and photometric errors assumptions for all Stages as it is
unclear how photometric redshift resolution will evolve as surveys increase in size and complexity.
Our forecasts are based on Fisher matrix estimates of errors in a subset of parameters that
comprises the MGPs, η and µ, and the two parameters from the standard model that are expected
to be most correlated with them, the total matter density Ωm and the primordial amplitude of
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scalar curvature perturbations A. In varying only these four parameters we are assuming that the
remaining four standard ΛCDM parameters are well constrained by signals orthogonal to those
being used in our analysis. A combination of high resolution CMB spectra, including polarisation
E-modes, and a standard prior on the value of the Hubble rate will ensure most of the remaining
parameters are fixed to within a few percent of their nominal values, which should have a minimal
impact on the four parameters being considered in this work.
An alternative to our Fisher matrix based method would be to Monte Carlo Markov Chain
(MCMC) sample the joint posterior distribution of our parameter set by evaluating the likelihood
explicitly. However this would involve the definition of a likelihood as a function of realisations of
the observables (and their cross–correlation) and the added complexity is not warranted for this
kind of exercise at this stage.
It should be noted that use of a Fisher matrix to estimate parameter errors assumes that the
observables are distributed as Gaussian variates. This is not true in all cases considered here since
we are considering power spectra and number counts but as long as the true answer lies close to our
fiducial values for the four parameters the errors should give a good indication of the constraints.
Given a set of n, uncorrelated measurements Ca, with a = 1, ..., n and measurement errors δCa,
the Fisher matrix for a set of m parameters λα with α = 1, ...,m, can be evaluated as
Fαβ =
n∑
a=1
1
δCa
∂Ca
∂λα
∂Ca
∂λβ
1
δCa
, (5.24)
where β = 1, ...,m.
The Fisher matrix represents the ensemble average of the negative curvature in the log likelihood
of the model parameters and its inverse, in this limit, is therefore the covariance matrix in those
parameters. The Fisher matrix is simple to evaluate since it involves only the first derivatives of
the signal with respect to the model parameters. These can be evaluated either analytically or
numerically. Here we use a central difference scheme to numerically approximate the derivatives to
second order in the step-size. The central difference is sampled by evaluating the models with given
step-sizes either side of the fiducial model in all parameter directions.
For the cluster counts case the measurement consists of counts in each of twenty redshift bins Ni,
as shown in Figure 5.1 for the fiducial model, and the Fisher matrix is calculated as
Fαβ =
20∑
i=1
1
σ2Ni
∂Ni
∂λα
∂Ni
∂λβ
, (5.25)
where we have assumed a shot noise model for the error in the counts.
Fisher matrices from independent data can be added and then inverted to obtain error estimates
for the combination of data. Since we will rely heavily on the cross–correlation of CMB and weak
lensing measurements to extract the relevant signal we calculate the combined Fisher matrix for
this cross–correlation to add to (5.25).
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The Fisher matrix formalism can be easily extended to the correlated measurement case. We
treat the combination of CMB and weak lensing measurements at a given multipole ` as a matrix,
C`, of angular, cross–correlation power spectra with dimension n×n. In our case the index n spans
both CMB and convergence angular power spectrum measurements (over the four redshift bins) i.e.
T, κ1, κ2, κ3, κ4 with the symmetric form
C` ≡

CTT` C
Tκ1
` C
Tκ2
` ...
. Cκ1κ1` C
κ1κ2
` ...
. . Cκ2κ2` ...
. . . ...
 . (5.26)
Each measurement matrix will have a corresponding covariance matrix with non-zero off-diagonal
contributions due to the correlations in the signal part of the measurements whilst the diagonals
will have contributions from both signal and noise
Σ` ≡

(δCTT` )
2 (δCTκ1` )
2 (δCTκ2` )
2 ...
. (δCκ1κ1` )
2 (δCκ1κ2` )
2 ...
. . (δCκ2κ2` )
2 ...
. . . ...
 , (5.27)
where the diagonal elements correspond to the square of standard deviations (5.15) and (5.23) and
the off-diagonal terms can be evaluated using
(δCXY` )
2 =
1
(2`+ 1)
 CXX` CY Y`√
fXsky f
Y
sky
+
(CXY` )
2
min(fXsky, f
Y
sky)
 . (5.28)
Here CXY` is the model cross–correlation power spectrum for the two observables which is also
computed by CAMB sources.
The Fisher matrix for this generalised case can be evaluated as
Fαβ =
∑
`
Tr
[
∂C`
∂α
·Σ−1` ·
∂C`
∂β
]
. (5.29)
A further contribution to the Fisher matrix is given by the sample variance depending on the
parameters
Fαβ =
1
2
∑
`
Tr
[
∂Σ`
∂α
·Σ−1` ·
∂Σ`
∂β
·Σ−1`
]
. (5.30)
This term is sub-dominant to the first, however we have included it in the analysis for the sake of
completeness.
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Figure 5.6.: Fisher constraints on η and µ from the combination of CMB, weak lensing, and cluster
counts for the three observational stages. Stage I, red (dot-dashed); Stage II, yellow
(dashed); Stage III, green (solid).
5.5. Results
We initially considered the case where the MGPs switch from their fiducial, GR value to a new,
time independent value, at a fixed redshift, zmg. There is a wide range in redshifts, spanning from
the time of recombination to the end of the so called ‘dark-ages’, where modifications to GR could
come into effect. Here we chose zmg = 30 for the time-independent case which ensures that most
non-linear structures observed formed in the presence of the modifications. We also consider the
case where the MGPs have a simple, linear redshift dependence between their GR values at zmg
and their late time values η0 and µ0 at z = 0. Specifically we show how our results change for a
choice zmg = 3 and zmg = 1.
The CMB is most effective at constraining the standard parameters of the concordance model
of cosmology. This can be seen from the eigenvectors in Appendix C: The two best constrained
eigenmodes are predominantly a combination of A and Ωm. The only effect of the MGPs is on the
ISW effect, and this has several shortcomings. The increase of power due to the MGPs is not large,
and this is compounded by the higher cosmic variance on these scales. The uncertainties in weak
lensing mostly come down to a degeneracy between η and A, again this can be seen in Appendix C.
This, is why, when combining CMB and Weak lensing observations, the constraints on the modified
gravity parameters improve significantly. The extra information obtained from cross correlating the
two observations emphasises this complementarity of the two sets of data. Figure 5.4 shows how
the constraints on η and µ improve when the cross–correlation between CMB and weak lensing is
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Figure 5.7.: Same as in Fig. 5.6 but with a mass assignment uncertainty of σM = 0.25 included in
the constraints.
included in the Fisher estimates. The contours shown the 1-σ constraints obtained from the inverse
of the Fisher matrix for all four parameters. We ensure our final errors account for marginalisation
over our nuisance parameters Ωm and lnA by only ignoring the matrix elements corresponding to
these parameters after inverting the full Fisher matrix.
Even after taking into account the cross–correlation between CMB and weak lensing a significant
degeneracy in η remains due to the correlation between the two gravitational potentials in both
signals. Adding cluster counts to the mix improves the situation since their signal is highly sensitive
to just Ψ and therefore to the parameter µ, which affects the growth rate of structure. This also
has a large effect on the η parameter as the addition breaks the remaining correlations and allows
the CMB and weak lensing observations to constrain η. The effect of adding Stage I cluster counts
is shown in Figure 5.5 As mentioned earlier, there are some uncertainties associated with cluster
counts. As can be seen readily from Figure 5.5, although marginalising over these uncertainties
reduces the impact of clusters, they still add to the constraining power of the CMB and Weak
lensing.
The comparison for Stage I, II, and III Fisher results in η and µ are shown in Figure 5.6. The
effect of adding a marginalisation over the mass assignment uncertainty is shown in Figure 5.7. The
constraints worsen by a factor of between 2 and 3 when the uncertainty is taken into account but
we stress that our estimates are conservative since we have not allowed for any improvement in σM
in successive Stages.
A summary of the results is shown in Table 5.2 for all three Stages. The forecasted errors ∆η
and ∆µ are shown with and without addition of cluster counts (CC). All constraints use the cross–
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Figure 5.8.: Fisher constraints on η and µ from the combined CMB, weak lensing, and cluster
counts for the time–independent (solid/yellow) and time–dependent (dot-dashed/red)
modified gravity parameters. In both cases zmg = 30 but for the latter a linear redshift-
dependence is assumed (5.31).
correlation signal between CMB and weak lensing (CMB ⊗ WL) and the values in brackets show
the effect of adding in the mass assignment uncertainty to the cluster counts.
In general, we find that the MGPs can be constrained to within a few percent using our forecasted
surveys. The µ parameters is most constrained by the observations. This is not surprising since it is
the parameter that affects the growth history directly. Including the mass assignment error in the
cluster counts reduces the constraints by approximately a factor of 2. The improvement obtained
from successive Stages is limited, however the Stages recover the constraining power that was lost
to the mass assignment error of the cluster counts. This reinforces the need for increased sensitivity
and survey size for future observations as it hedges against systematic effects such as mass and
photometric redshift resolution taken into account here.
To gauge the robustness of our predictions with respect to our choice of fixed η and µ, we add a
linear time dependence in the MGPs of the form
µ(z) = (µ0 − 1)
(
zmg − z
zmg
)
+ 1 , (5.31)
with a similar expression for η. Here, µ0 or η0 is the value of the MGP today (z = 0), which
is the parameter that will be constrained in the Fisher matrix analysis. As such, the choice of
zmg, which is not included as a parameter in the Fisher analysis, fixes the gradient of the linear
time dependence. We are therefore testing our results with respect to a choice of zmg rather than
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Stage I zmg = 30 zmg = 3 zmg = 1
Parameter CMB ⊗ WL CMB ⊗ WL + CC CMB ⊗ WL CMB ⊗ WL + CC CMB ⊗ WL CMB ⊗ WL + CC
∆η 2.6× 10−2 6.4× 10−3(1.5× 10−2) 3.3× 10−2 1.9× 10−2(2.6× 10−2) 1.1× 10−1 1.1× 10−1(1.1× 10−1)
∆µ 9.1× 10−3 3.5× 10−3(5.6× 10−3) 1.0× 10−2 5.0× 10−3(7.6× 10−3) 5.1× 10−2 5.1× 10−2(5.1× 10−2)
Table 5.3.: Fisher constraints for time–dependent MGPs for Stage I observations.
extending the parameter space to include a parametrised time dependence.
As before, zmg is the redshift at which the modification to gravity ‘switches on’. As shown in
Figure 5.8, allowing for this simple time dependence in the MGPs does not have a large impact on
constraints for the case where zmg = 30. Although the time dependence reduces the impact of the
MGPs on the observations for the same value of the MGPs today, the relative effect is also different
in each of the signals and leads to a small change in degeneracies. An additional signal is sourced
in this case since the time dependence of η will affect the late–time ISW. These combination of
effects partly cancel, which results in a small effect on the final constraints. It should be stressed
that there are many different choices of time dependence for the MGPs and (5.31) is only one of
these. In principle some other form of time dependence could lead to much larger effects in this type
of comparison. A theoretically motivated form for the time dependence would be better justified,
however, this would build in a model dependence which we are explicitly avoiding in this work.
Our results for zmg = 30, 3, and 1 are summarised in Table 5.3 which can be compared to the
Stage I results of Table 5.2. We find the effect becomes large only at relatively low redshifts with
the choice of zmg = 1 leading to an order of magnitude increase in Fisher errors. This result is not
indicative of the ability of the observations to constrain any possible time behaviour of the modified
gravity theory but rather it illustrates the sensitivity of the observables to the departure from GR
integrated over time.
5.6. Discussion
Future generations of large area surveys hold much promise in testing the validity of GR. In this work
we have examined the impact, on MGP constraints, of future cosmic shear and cluster count data
used in combination with CMB measurement. We have found that this combination can constrain
the MGPs to sub–percent accuracy. In particular the inclusion of cluster counts, which are highly
sensitive to any change in the growth of the matter perturbations, adds a strong refinement in the
search for any deviations from the standard GR values of the MGPs. However we have also shown
that the inclusion of a simple model for calibration uncertainties in the counts can affect the errors.
Our Fisher matrix analysis has shown that the MGPs may be statistically constrained to frac-
tional levels of below a percent. This clearly supercedes the current modeling accuracy of weak
lensing and cluster abundances in particular. In the case of weak lensing, even at large scales,
non-linear contributions to the matter power spectrum are not modeled accurately enough whilst in
the cluster case the mass function formalism is certainly not accurate at the 1% level. Any analysis
of actual data will necessarily have to include a marginalisation over these and other modeling un-
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certainties. This can be done either by including the model uncertainties in the final Fisher matrix
and marginalising by cutting out the directions in its inverse or by including the model parame-
ters as extra directions in MCMC methods. Future MGP constraints may well be limited by such
systematic effects rather than the statistical limits of the observations.
There are, of course, other observables that can constrain the growth of matter perturbations
such as large scale structure, peculiar velocities, redshift space distortions and future high redshift
21cm surveys. These could all replace our choice of cluster counts as a signal used to break the
degeneracy between gravitational potentials. All of these, however, present a number of problems
either in their interpretation as biased tracers or in the technological challenges involved in large
scale surveys. The observations of clusters on the other hand is a relatively simple procedure and
SZ surveys of clusters are a necessary by–product of current and future CMB experiments. The
only difficulty involved in this signal is the theoretical modelling required to use them to obtain
constraints due to the uncertainty in the choice of mass functions to be used for theories of modified
gravity.
In obtaining our forecasted constraints we have only employed the simplest description of phe-
nomenologically modified gravity. The model building for such theories has already shown that there
there is much more complexity to explore. All models must incorporate a screening mechanism to
satisfy standard solar system and laboratory tests of gravity. Screening mechanism are only one way
in which modified gravity models may include significant scale dependence, which we have not taken
into account in this work and may provide more testable predictions and therefore more ability to
differentiate between models. Concrete models may also lead to modifications to the background
expansion, which we have not explored here. This can also lead to additional constraints on model
parameters.
Allowing for a very general scale dependence of the MGPs will inevitably introduce a scale
dependence into the constraints. In particular our combination of data generates constraints based
on large scales, due to the ISW effect, and a fairly narrow range of scales of around 10 Mpc from
cluster counts. If there is a significant scale dependence of the MGPs between the two scales then the
combination of data considered here would give stronger constraints on some scales than others. A
complete treatment would include a Fisher eigenmode analysis for an extended range of parameters
describing the scale dependence of the MGPs [145, 101, 147]. We leave this for future work for the
combination of data considered here.
The experimental outlook is promising for the observations we have dealt with in this work. Over
the next 5-10 years, deviations from GR should be well constrained, and the concordance cosmology
will either be more secure or may even have undergone a paradigm shift. A null result would
support the concordance cosmology, a conclusion that would be even stronger if dark matter had
been detected non-gravitationally by then. A detection of a deviation from GR would be potentially
more interesting but would require a completely new theoretical framework and trigger a search for
an underlying model for the modifications. Of course, a dark energy model with perturbations may
turn out to fit the data just as well and it is not clear at this point whether this degeneracy will
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ever be broken by observations.
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6. Viability of the cluster mass function
formalism in parametrised modified gravity
6.1. Introduction
In the previous chapter we saw that much work has gone into using combinations of experiments
to constrain various modified gravity parameters. The key point with the combinations is the
issue of distinct degeneracies in different sets of observations. In particular, observations such as
the integrated Sachs-Wolfe effect in the Cosmic Microwave Background (CMB) and cosmic shear
surveys, both being effects on the energies and trajectories of photons that are relativistic, constrain
the sum of the two scalar potentials in the metric Ψ+Φ and thus constrain a particular combination
of the Modified Gravity Parameters (MGPs) as will be introduced later. This degeneracy is best
broken with an observation that depends on a different linear combination of the scalar potentials.
Observations relating to the growth of structure in non-relativistic matter, such as redshift space
distortions or galaxy surveys, are a natural choice for breaking the degeneracy. In chapter 5,
we argued that combining future cluster counts with CMB and cosmic shear observations could
yield high precision constraints on the simplest form of MGPs particularly in the case where the
modifications are constant at low redshift. Galaxy cluster counts can be predicted for a particular
combination of cosmological parameters by starting from the linear matter power spectrum and
using mass functions to calculate how many bound structure will form at different mass scales.
The mass functions are semi analytic formulas whose form derives from the original Press-Schechter
ideas [105] and its extensions [21, 119, 120, 121]. The functions are now calibrated using detailed
and extensive N -body simulations. In this chapter, we present the results of a limited set of of
N -body simulations aimed at investigating the accuracy of existing mass functions for the MGP
formalism. Due to the computational demand of running the required N -body simulations we have
restricted our investigation to a single point in the phase space of MGPs i.e. a single choice in
the modification of the strength of gravity that is constant at low redshift. As such we are not
attempting to accurately calibrate an extension of the mass function formalism in the phase space
of MGPs. We are instead addressing the question of whether the existing mass function formalism
can be used as is in forecasts involving cluster counts such as that carried out in chapter 5. This
chapter is organised as follows. In section 6.2 we discuss the mass function formalism and some of
the results in the literature regarding modified gravity models. The modifications required to run
N -body simulation in such models of parametrised modified gravity are summarised in section 6.3
and the results of running our suite of simulations are described in section 6.4. We conclude with
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a discussion of the results in section 6.5.
6.2. Mass Functions
Galaxy clusters are some of the largest collapsed structures in the universe. According to the
standard scenario of hierarchical structure formation within the ΛCDM cosmological model, clusters
typically consist of hot gas bound in a large cold dark matter halo. Clusters are a useful cosmological
probe as their size corresponds to scales near the linear to non–linear transition in the underlying
dark matter power spectrum. This has several consequences: they probe the tail of the matter
perturbation spectrum and are therefore a sensitive probe of growth. In addition, galaxy cluster
counts can be predicted from linear theory, using semi-analytic formulae or formulae calibrated
from N -body simulations. Cluster counts and the properties of clusters have been used to constrain
cosmological parameters and in particular they have been used to constrain dark energy, which may
be responsible for late–time acceleration of the cosmological expansion (see for example [139, 13]),
and some studies looking at constraining the growth factor γ (see for example [106, 118]).
The number of clusters observable over a fraction of the sky fsky and with a redshift dependent
mass resolution limit Mlim(z) in a redshift bin spanning the interval z to z + ∆z can be calculated
by integrating the comoving number density dn/dM of objects with mass M
N∆z = 4pifsky
∫ z+∆z
z
dz′
dV
dz′ dΩ
∫ ∞
Mlim(z′)
dn
dM
dM , (6.1)
where dV/dzdΩ = r2(z)/H(z) is the comoving volume at redshift z in a flat universe, with H(z)
the Hubble rate and r(z) =
∫ z
0 dz
′/H(z′) the comoving distance to that redshift.
The comoving number density of objects in a given mass range dn/dM is known as the mass
function and much work has gone into predicting its shape for a given linear power spectrum.
Early, semi-analytical estimates of the mass function resulted in the Press-Schechter formalism
[105], where the mass function is given by
dn
dM
= −
√
2
pi
ρ
M
dσM
dM
δc
σ2M
exp
[
−1
2
δ2c
σ2M
]
, (6.2)
where ρ is the background density of dark matter today, δc = 1.686 is the critical density contrast
for collapse of a spherical perturbation and σ2M is the variance of the dark matter fluctuations in
spheres of radius R = (3M/4piρ)1/3 defined by the integral of the linear matter power spectrum
P (k) over wavenumber k
σ2M =
1
2pi2
∫ ∞
0
W 2(kR)P (k) k2 dk , (6.3)
with top-hat filter function
W (kR) = 3
(
sin(kR)
(kR)3
− cos(kR)
(kR)2
)
. (6.4)
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Successive studies have refined the formalism resulting in more complex expressions with increased
accuracy [21, 119, 120, 121]. The functional forms of these mass functions have been used to fit
the results of N -body simulations for ΛCDM cosmologies and agreement is at the 5-10% level for
ΛCDM cosmologies[20, 34]. The inaccuracy increases to 10% or more for more general cosmologies
[20, 34]. In the what follows we select the following form from [140], henceforth W05:
dn
dM
= −0.7234 ρ
M
dσM
dM
1
σM
exp
[−1.1982
σ2M
]
×(
0.2538 + σ−1.1625M
)
. (6.5)
The mass function formalism has been used extensively in constraining extensions to the standard
ΛCDM cosmology. Some examples are redshift dependent dark energy equation of state models
wCDM [20, 34] and some models of modified gravity including f(R) [114, 113], DGP [111, 24] and
coupled scalar field cosmologies [149, 78]. However, in some cases it is unclear how well the mass
function formalism will reproduce the correct cluster counts if the modifications alter significantly
the process of structure formation.
There are three reasons why the expressions commonly used to predict cluster counts may not be
valid in modified models. Firstly the linear matter power spectrum the formalism is based on will, in
general, differ from the standard cosmology for the same matter content. Secondly the expressions
are calibrated with respect to standard ΛCDM N -body simulations or semi–analytical arguments
and the coefficients obtained in this way may not be the correct one in modified cosmologies. As
such, even if two models may give the same linear matter power spectrum, they could differ in
their cluster counts predictions because, for example, the critical density δc may be different in the
modified model. Thirdly, the expressions themselves may not be a correct parametrisation of the
transformation of a linear power spectrum into a description of the mass distribution of clusters.
Typically only the first possibility is addressed in works where cluster counts are used to constrain
modified cosmologies. This is achieved by inputing into the formalism a modified linear matter power
spectrum that has been obtained by solving the linear growth equations for the dark matter. This is
by far the simplest way to account for the modifications since the second and third concerns require
the use of N -body runs to be addressed.
Here we will focus on how well the mass formalism does in reproducing parametrised modified
gravity cluster counts if the expressions are unchanged and the modifications are solely taken into
account by modifications of the linear matter power spectrum. The results will inform us on whether
using the standard formalism can be an informative tool in investigating the constraining power
of cluster counts in modified gravity models. In particular we will be able to determine whether
forecasts made in [131] may be biased because of the way the mass function formalism was used in
the prediction of cluster counts in modified gravity models.
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Gravity zi #runs Lbox(h
−1Mpc) Npart  (h−1kpc) µ zmg `Sc′sh−1(Mpc)
GR 50 10 400 2563 45 1.0 n/a n/a
MGPs 50 10 400 2563 45 1.05 50 1.0
MGPs 50 10 400 2563 45 1.05 50 n/a
Table 6.1.: Parameters for simulations.
6.3. N-Body Simulations and Modified Gravity Parametrisation
Numerous sets of phenomenological ”Modified Gravity Parameters” (MGPs) have been suggested
in the literature, see e.g. [38] for a partial translation table and [101] for a discussion of the
differences with some of the parametrisations. Most of the parametrisations are phenomenological
modifications to the Einstein equations and typically involve a parameter relating to the strength of
gravity and a parameter relating the two scalar potentials in the metric. Our potentials are defined
as scalar perturbations of a flat, FRW metric
g00 = − [1 + 2Ψ(~x, t)] ,
gij = a
2(t) [1− 2Φ(~x, t)] δij , (6.6)
where we have made the conformal Newtonian gauge choice to fix the remaining two scalar degrees
of freedom in the perturbed metric. In (6.6), Ψ is the Newtonian potential and is responsible for
the acceleration of massive particles whereas Φ is the curvature potential, which also contributes
to the acceleration of relativistic particles. For this work, since N -body simulations are essentially
Newtonian plus an expanding background, we have only used one MGP, µ. This is the parameter
in the Poisson equation that controls the strength of gravity. In Fourier space,
k2Ψ(a, k) = −4piGa2µ(a, k)ρ(a)∆(a, k) . (6.7)
where, a is the FRW scale factor, G is Newton’s constant, ρ is the background density of cold dark
matter and ∆ is the gauge invariant density contrast given by
∆ = δ +
3aHv
k
, (6.8)
where the cold dark matter density contrast is defined as δ = δρ(a, k)/ρ(a), v is velocity of the dark
matter and H is the Hubble parameter.
In principle, µ could be any function of time and space, however here we have kept a simple
treatment of it. In particular, we are considering the situation where, at a set redshift of zmg, the
parameter transitions from its GR value of 1 to some other value. Except for the inclusion of a
screening scale, there is no scale dependence inserted into the phenomenology. Screening mechanisms
are an important component of modified gravity models as they allow models that differ from GR
to reproduce solar system tests. There are several mechanisms in the literature, including the
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Figure 6.1.: The linear power spectra at z = 0, calculated from MGCAMB, corresponding to the
N-body simulations. The black curve is for General Relativity, the blue curve is for
modified gravity with µ = 1.05 and the red curve is for the modified gravity with
µ = 1.05 and the screening scale.
chameleon mechanism [69] that operates in f(R) gravity and the Vainshtein mechanism [136] that
operates in DGP gravity. To further our phenomenological approach to modified gravity, we use
a simpler treatment where the modifications to gravity cease below a set length scale, `sc. The
mechanisms, such as the chameleon mechanism, in existing modified gravity models all effectively
reduce to a screening density. So, GR is recovered when the local density increases above a particular
value. The range that a given density screens is much larger than the radius of the object itself and
requires a full solution of the appropriate equatons. Thus, attempting to implement a screening
density in a model independent way is difficult. In [60], they propose a form for the matter power
spectrum based on the hypothesis that the matter power spectrum will reduce to that in GR on
small scales. The power spectrum generated from the screening length used here (see fig. 6.1) is
similar to this PPF form. However, N-body studies of specific models such as f(R)[146], don’t
always follow this form, depending on how efficiently the screening mechanism is working. In order
to investigate the use of mass functions when forecasting cluster counts in models of parametrised
modified gravity, we have made some simple modifications to the publicly available N -body, Smooth
Particle Hydrodynamics (SPH) code Gadget-2 [124]. Gadget-2 is a parallel N -body code that
calculates the gravitational acceleration with a TreePM approach [9]. For this investigation we are
only interested in the dynamics of the dominant dark matter and we do not include any component
with non-zero pressure. Since the N -body simulation probes the low-velocity, Newtonian regime on
sub-horizon scales, the only modification of gravity that affects the simulations is any modification
to the Poisson equation that encompasses all gravitational aspects of the interaction in such codes.
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In Gadget-2 the Poisson equation is solved differently on large and small scales. On large scales,
a regular grid (the “mesh”) is placed in the simulation volume. The mass of each particle is
then interpolated onto the mesh. This discrete density field is then Fourier transformed and the
Poisson equation is solved in Fourier space. This yields the gravitational acceleration of particles
in the simulation due to distant mass distribution in the simulation volume. On smaller scales,
the force on each particle is obtained by calculating the Newtonian potential directly. A hierarchy
of increasingly higher resolution cells (the “tree”) is constructed. Far from the point where the
potential is being calculated, it is sufficient to use cells of coarse resolution containing multiple
particles treated together at their centre of mass. Nearer to the point where the potential is being
calculated, increased resolution is required until, at sufficiently short distances, the effect of each
particle is included separately. The two components of the potential are combined via a matching
filter to obtain the potential governing the overall force acting on each particle at every time step.
Thus modifications to gravity must be encoded in both contributions to the total potential i.e. in
both Fourier domain solution and direct force calculation.
Our modifications to Gadget-2 are as follows: Both the potential calculated by the particle mesh
and the force calculated by the tree structure are modified by a factor of µ for distances above a
screening scale of proper length `sc. This screening scale can be switched off such that the only
modification acting is the change in the strength of gravity. We ran the modified gravity simulations
both with and without the screening scale for a series of simulation boxes each with the same volume
and mass resolution (see table 6.1 for the parameter values used in the simulations). The expansion
history in the simulations is that of a standard ΛCDM cosmology for both GR and MGP runs. This
is in order to isolate the effect of the MGP on the growth of structure from any change due to the
expansion history. Each simulation is started at a redshift zi = 50 and average the result of each
simulation over a number of runs with independent random seeds to reduce the effect of sample
variance in our final cluster counts.
The linear matter power spectra today used for the mass function prediction for both the
GR+ΛCDM runs and the modified gravity runs were computed using the modified version of CAMB
[77] MGCAMB [148]. We have modified MGCAMB to incorporate the same modifications to grav-
ity as the N -body simulation, namely a constant value for µ, different to the fiducial GR value of 1,
that switches on after redshift zmg and with the option to recover GR below a screening scale `sc.
For all simulations in this work we have chosen a fiducial value of µ = 1.05 for the modification.
The second MGP, η = Φ/Ψ, has been kept at its GR value in the MGCAMB code and does not
come in to the N -body simulations. We consider a flat cosmology with the following parameters.
The dimensionless Hubble rate in units of 100 Km s−1 Mpc−1, h = 0.71, the density of matter
(baryons + dark matter) and dark energy in units of the critical energy density, Ωm = 0.265, and
ΩΛ = 0.735 respectively, the optical depth to recombination τ = 0.088, the amplitude of primordial,
super horizon curvature perturbations As = 2.157 × 10−9 at k = 0.05h Mpc−1 and their spectral
index ns = 0.963. These parameters correspond to the WMAP 7–year best–fit parameters [63].
This model yields a large scale structure normalisation of σ8 = 0.804 for the standard deviations of
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Figure 6.2.: The number of clusters as a function of mass of the cluster found in the our simulations
for the GR case (µ = 1) compared to the modified gravity case, with and without
screening scale. In the modified gravity case the 5% increase in µ leads to an increase
in clusters on all scales when a screening scale is not included. The result is more
complicated when a screening scale is included with less cluster being produced at the
low mass scales as expected.
fluctuations on scales of 8h−1 Mpc.
The initial condition for each of the N -body simulations were calculated using the transfer func-
tions obtained from the MGCAMB run. The transfer functions are used to generate a grid of
particles with velocities and displacements consistent with the power spectrum of the matter ex-
pected at the starting redshift zi. For this work we have used the 2LPT [115, 36] package to obtain
the initial velocities and displacements. The package uses a second order Lagrange perturbation
scheme to evolve the displacements and velocities of particles to the desired redshift. This is more
accurate than using the first order Zeldovich approximation.
We obtained independent initial conditions for each of the several realisations run for each box
and particle number. In the simulations used here, all of the particles are cold dark matter particles.
For each box size and particle number, we also specified the softening length . The simulations all
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had a starting redshift of zi = 50, however, we ran several simulations starting at higher redshifts
to check there was no effect on the final results. We have also verified that our ΛCDM simulations
reproduced the results of earlier papers, in particular the results from [64, 55].
Once the simulations are run the challenge is to identify clusters and their masses in order to
determine the mass function of clusters for the simulated volume. There are two main algorithms to
find dark matter halos in cosmological N -body simulations, namely spherical overdensity algorithms
[75] and friends-of-friends algorithms [46, 39]. We used a friends-of-friends halo finder1 with the
standard linking length equal to 20% of the inter-particle separation, Lbox/ 3
√
Npart. In principle,
this linking length should be changed to take into account how virialisation is different for different
cosmologies and gravity theories, however it is not clear how this should be done for parametrised
modified gravity and we have made the standard choice in all of our calculations. It is now known
that a systematic bias arises when determining the mass of halos with the friends-of-friends algorithm
[140]. As shown in [140] this can be corrected for by modifying the number of particles in each halo
according to the prescription Ncorr = N × (1−N−0.6), where N is the original number of clusters
found by the friends-of-friends algorithm in each mass interval and Ncorr is the unbiased value. We
have applied this correction to the halos found in our simulations and also imposed a minimum
number of (uncorrected) particles per halo of 40. The halos were then binned into logarithmic mass
bins of width 0.2, between 1013h−1M and 1015h−1M where M represent a solar mass.
6.4. Results
In this section we examine the output of the simulations at a z = 0. Firstly, we examine the change
to cluster counts due to the modification of gravity. Figure 6.2 shows the total number of clusters
found in the GR simulation, as well as the modified gravity cases with and without a screening scale.
We plot the average value of the 10 independent realisations. The error bars show the standard
deviation estimated from the 10 samples. As expected, the number of clusters increases due to the
gravity being stronger in our fiducial modified model with µ > 1. The increase is larger towards
the higher masses. The screening scale reduces the increase in clusters in modified gravity as we
would naively expect. In addition, there is a slight decrease in the number of cluster at the lowest
masses. It is not clear if this decrement is significant or physically relevant but it may be consistent
with the fact that at some mass scale the effect of screening will mean that objects that would have
formed clusters in the GR case end up bound together with larger clusters which grow faster on
scales beyond the screening scale.
In figure 6.3 we compare the numbers of clusters in our simulations to the predictions in each
case. The linear matter power spectra used as inputs to the W05 mass function are computed using
the MGCAMB code, with µ = 1 for the GR case, and µ = 1.05 for the modified gravity case. For
the modified gravity simulations with and without the screening scale, the linear mass function was
calculated without the screening scale, as would be the case for models of modified gravity where
1http://www-hpcc.astro.washington.edu/tools/fof.html
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the screening scale is an entirely non-linear phenomenon. The mass function works as well for the
unscreened modified gravity case as it does for GR. However, for the simulations that incorporate a
screening scale, the mass function prediction no longer works. By inserting the screening scale into
calculation of the linear matter power spectrum we can reconcile the mass function formalism with
number counts observed in the simulations. The effect of taking the screening scale into account in
the linear power spectrum used as input into the mass function is shown in figure 6.4.
6.5. Discussion
We have shown that the mass function formalism can work for simple phenomenological models of
modified gravity without a screening scale. To model modified gravity with a screening scale, its
effect needs to be included in the calculation of the linear matter power spectrum in order to retain
the accuracy of the mass function formalism. Of course, the mass function formalism is likely to
break down for more extreme departures from GR, however it isn’t obvious that large deviations
are allowed by current data. In addition, more complicated modelling of the µ parameter, such as
including scale dependence may reduce the accuracy of the mass function predictions. However, as
long as the scale dependence manifests in the linear matter power spectrum and the deviations from
GR are relatively small then the mass function prediction may still be accurate. This will require
further work. The work presented here needs to be extended in other ways as well, to more precisely
determine the range of validity of the mass function formalism. Varying the cosmological parameters,
linking length and parametrisation of µ will further test the validity of the mass functions. In
addition, running bigger boxes and boxes with improved resolution will test the mass function over
a larger range of cluster masses. The mass function should also be tested over a range of redshifts
and with baryons included, rather than solely dark matter particles. In addition, an examination
of spherical collapse in model independent modified gravity and/or an examination of virialisation
in these theories may shed further light on finding halos and how mass functions work in modified
gravity simulations.
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Figure 6.3.: The cluster count found in the GR compared to modified gravity and modified gravity
with a screening scale of 1 Mpc for the simulation volume. We have divided out the
respective prediction for GR and modified gravity based on the mass function formalism
applied to the respective linear power spectra. The input spectrum is the same for both
modified gravity cases in this figure. The fact that the prediction does not take into
account the screening scale leads to an over-prediction of clusters on all scales. The
solid line gives an indication of the expected sample scatter for the simulation based on
the GR counts and is included as a rough guide to the significance of any discrepancy.
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Figure 6.4.: The ratio of cluster counts found in the modified gravity simulations with respect to the
mass function prediction. Both counts are for the same set of simulations that included
a screening scale of 1 Mpc. The green (crosses) points do not include the effect of the
screening cut in the linear matter power spectrum used in the mass function prediction
whilst the red (triangles) do. The result shows that the mass function formalism gives
an accurate prediction of the counts if the screening scale is taken into account in the
prediction.
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7. Conclusion and Discussion
In this thesis I have looked at how different observations can shed light on different extensions
to the concordance cosmological model. In chapter 1 I presented some of the theory behind the
concordance model of cosmology. In chapter 2 I explained some of the observations that underpin
the concordance cosmology.
In chapter 4, I examined how vector perturbations to the metric could generate the rotation signal
in weak lensing surveys. Of course, we would need a source of the vector perturbations so I used
the example of cosmic strings. Observing the B-mode of shear will thus allow us to put constraints
on cosmic strings and any other matter sources that would generate vector type perturbations. A
big obstacle to this is that B-modes are considered to be evidence of systematics in a weak lensing
survey and it isn’t obvious whether B-modes due to cosmic strings or other vector perturbations
would remain after this analysis.
In chapter 5, I considered the issue of constraining model-independent modified gravity. Many
observations have been considered for this in the past and the new one considered here is galaxy
clusters. The idea behind constraining model independent modified gravity is to search for deviations
from GR+ΛCDM in the observations and then try to understand what is causing them. Using a
forecast for the SZ cluster catalogue from Planck, as well as the temperature anisotropies from
Planck and the weak lensing data we expect from the Dark Energy Survey, I showed that strong
constraints on the MGPs should be obtainable in the next few years. Although this work involved a
very simple treatment of the modified gravity parameters and therefore the quantitative predictions
are somewhat idealised, this work does show that galaxy clusters will be a valuable probe of the
MGPs.
One caveat to the work in chapter 5, is that the cluster counts are predicted using cluster mass
functions that are calibrated for ΛCDM cosmologies. I investigated this issue in chapter 6 using
N-body simulations. The result is that, for simple modifications to GR, the mass function formalism
seems to work. However, for models of modified gravity that have a screening scale, this needs to be
included somehow in the linear matter power spectrum. There are other caveats as well, including
whether scale dependence of µ breaks the mass function and how to find halos in modified gravity.
The analysis in chapter 6 would need to be expanded massively in order to address all of the issues
in full. However, this would be much more work and much more difficult, so I haven’t done it. I
never wanted to be a Cosmologist anyway. I wanted to be a Lumberjack, leaping from tree to tree
as they float down the mighty rivers of British Columbia...
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A. Weak lensing B-modes and rotation
The connection between E- and B-modes and the convergence and rotation can be seen in the
following way. Physically, we are making the displacement approximation, namely that what is
seen at a particular point on the sky is at a true position displaced by a small amount from the
apparent position. This only works for weak fields and will break down once lens-lens coupling is
included or the born approximation is removed[30, 117]. Both the shear field on the sky and the
displacement field can be expressed as a gradient mode and curl mode and, when the displacement
approximation is valid, the distortion tensor can be expressed in terms of the displacement field.
Thus the distortion tensor and the shear, which is part of the distortion tensor, both have a curl
and gradient mode. This is why the convergence and rotation can be related to the two modes of
shear[126]. When the displacement approximation breaks down, the distortion tensor is no longer
simply related to the displacement field, so it can acquire more degrees of freedom than just 2 and
the shear field will no longer be related to the convergence and rotation. More mathematically, due
to the spin-2 nature of the fields, it is useful to introduce the following notation[8]
α = α1 + iα2
γ = γ1 + iγ2
∂ = ∂1 + i∂2
D = κ+ iρ
A∗ = A1 − iA2 for A ∈ {α, γ, ∂,D} (A.1)
where γ1 and γ2 are the two components of shear, κ is the convergence, ρ is the rotation, ∂1 and ∂2
are the derivatives with respect to x1 and x2, the two components of the 2d coordinate system on
the sky, and α1 and α2 are the two components of the displacement. The displacement is related
to the distortion tensor given earlier by ψij = αi,j . As we saw earlier, the convergence, rotation
and two components of shear can be expressed as combinations of the distortion tensor, so they are
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related to α as
κ =
1
2
(∂1α1 + ∂2α2)
ρ =
1
2
(∂1α2 − ∂2α1)
γ1 =
1
2
(∂1α1 − ∂2α2)
γ2 =
1
2
(∂1α2 + ∂2α1) . (A.2)
These relations, along with ψij = αi,j , no longer apply once the displacement apporximation breaks
down. Expressing quantities with the notation above and equating the real and imaginary parts
leads to
D =
1
2
∂∗α
γ =
1
2
∂α
∂D = ∂∗γ, (A.3)
so now the relationship between the convergence, shear and rotation is manifest. We can connect
with the earlier definitions of E- and B-modes (equation 2.45) by transforming to Fourier space,
noticing that ∂i = −jli1, l1 = l cosβ, l2 = l sinβ, cos 2β = (l21 − l22)/l2 and sin 2β = (2l1l2)/l2,
defining C = E + iB and defining L = l1 + il2 such that −jL = ∂ and LL∗ = l21 + l22 = l2. Then,
LD = L∗γ
C =
(L∗)2
l2
γ
⇒ C = LL
∗
l2
D = D. (A.4)
1I’ve used j to avoid the confusion between the imaginary number i in the definitions of the weak lensing quantities
and the imaginary number i (now j) in the Fourier transform
94
B. Spherical Collapse
This appendix is a simple treatment of collapse of a spherical perturbation. This calculation relates
to some of the numbers used when dealing with cluster counts in this thesis, such as δc = 1.686 and
∆vir = 178, the non-linear density contrast at virialisation. This section has been cobbled together
from many sources, the main ones being three cosmology textbooks[96, 97, 95] as well as some online
notes by Ravi Sheth1 and Jared Mehl2.
Consider a spherical, top-hat density perturbation. That is to say a density perturbation, in the
shape of a sphere, that has a constant density contrast δ across it. Because of the spherical symmetry,
and Birkhoff’s theorem, we can treat the perturbation as a separate universe, evolving under the
background Friedmann equation for a different density. Note that this will not necessarily be true
for alternative theories of gravity.
Taking the background universe to be flat, the perturbed universe must be closed. The Friedmann
equations for a closed universe have a parametric solution for the scale factor and time given by
R(t)
Rmax
=
1
2
(1− cos θ)
t
tmax
=
1
pi
(θ − sin θ).
Here, the equations have been normalised to the point of maximum expansion. We want an expres-
sion for R in terms of t so we Taylor expand the second equation, rearrange to get an expression
for theta and sub into a Taylor expanded version of the first equation. More concretely, expanding
up to θ5,
R(t)
Rmax
=
1
2
(
1−
[
1− θ
2
2!
+
θ4
4!
])
t
tmax
=
1
pi
(
θ −
[
θ − θ
3
3!
+
θ5
5!
])
⇒ θ2 =
(
6pit
tmax
)2/3 [
1 +
1
30
(
6pit
tmax
)2/3]
R(t)
Rmax
=
1
4
(
6pit
tmax
)2/3 [
1− 1
20
(
6pit
tmax
)2/3]
. (B.1)
(B.2)
1http://www.physics.upenn.edu/ shethrk/courses/phys514/scollapse.ps
2http://bolo.berkeley.edu/ mehl/temp/spherical collapse.pdf
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This last equation is the one we care about. We have the first two terms in R(t), which corresponds
to the background solution and the linear solution of the perturbed universe. The background
solution is for no perturbation and therefore a flat universe. It has the form a(t) ∝ t2/3 as expected
from inserting ρ ∝ a−3 into the Friedmann eqn for a flat universe and using a(t) instead of R(t) for
the background universe. Mass must be conserved in the perturbed and unperturbed universe, so
we have ρbackgrounda
3 = A and ρpertR
3 = B, with A and B constant. Assuming that the perturbed
and unperturbed universes contain the same total mass3,A = B,
1 + δ =
ρpert
ρbackground
=
a3
R3
=
a3/R3max
R3/R3max
. (B.3)
Using the background and linear versions of equation B.1,
δlin =
(
[1− 1
20
(
6pit
tmax
)2/3)−3
− 1
≈ 3
20
(
6pit
tmax
)2/3
,
(B.4)
and we now just insert the time we are interested in. At maximum expansion, δlin ≈ 1.062 and at
collapse time, t = 2tmax, δlin ≈ 1.686.
We can also consider the full non-linear solution. Using equation B.3 at maximum expansion,
1 + δnon−linear =
a3/R3max
R3/R3max
=
(
1
4
(
6pit
tmax
)2/3)3
=
9
16
pi2 ≈ 5.55. (B.5)
According to the spherical collapse model, the perturbation will collapse to a point, which is clearly
unrealistic. A simple approximation, coming from the virial theorem, is that the object’s final
radius will be half of it’s maximum. So, the density of the perturbation will have gone up by a
factor 23 = 8 from the maximum expansion to the collapse time and the background density will
have decreased by a factor a3collapse/a
3
max = t
2
collapse/t
2
max = 4. Thus, the density of the perturbation
will be greater than the background by a factor of 8× 4 = 32 compared to at maximum expansion,
1 + δnon−linear = 32× 9
16
pi2 ≈ 178. (B.6)
This is why the spherical overdensity algorithm looks for spheres where the average density is of
order 200 times the background density.
3I don’t understand why we do this, other than that it gives the correct answer. That said, I tried to do spherical
collapse my own way and failed, I think because of issues regarding making the two universes have the same time
co-ordinate.
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C. Eigenvalues and eigenvectors for Chapter 5
These are the inverse fisher matrices for the forecasts in Chapter 5. The columns and rows of the
matrices correspond to Ωm, A, η and µ. For the first fisher matrix, µ is the 3rd column.
Inverse fisher matrices, their eigenvalues and eigenvectors for Stage I
observational surveys.
The inverse fisher matrix for cluster counts with no mass assignment error:
Col 1 2 3
Row
1 0.401031E-03 0.195517E-02 -0.128247E-02
2 0.195517E-02 0.116067E-01 -0.695441E-02
3 -0.128247E-02 -0.695441E-02 0.433945E-02
The eigenvalues:
1 0.20198001E-06
2 0.18107033E-03
3 0.16165927E-01
The eigenvector matrix:
Col 1 2 3
Row
1 0.827008 -0.542732 -0.146627
2 0.179840 0.502506 -0.845663
3 0.532649 0.673000 0.513182
---------------------------------------------------------------------------------
The inverse fisher matrix for the CMB only:
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Col 1 2 3 4
Row
1 0.167369E-05 0.252437E-05 -0.124226E-03 -0.211409E-04
2 0.252437E-05 0.604664E-05 -0.547577E-03 -0.951088E-04
3 -0.124226E-03 -0.547577E-03 3.46066 0.575055
4 -0.211409E-04 -0.951088E-04 0.575055 0.108078
The eigenvalues:
1 0.51656888E-06
2 0.71112857E-05
3 0.12184261E-01
4 3.5565573
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.908415 -0.418070 0.345125E-04 -0.354308E-04
2 -0.418070 -0.908415 0.307549E-03 -0.156265E-03
3 -0.167001E-04 -0.106303E-03 0.164485 0.986380
4 -0.101353E-03 -0.315595E-03 -0.986380 0.164485
---------------------------------------------------------------------------------
The inverse fisher matrix for weak lensing (WL) only:
Col 1 2 3 4
Row
1 0.375007E-03 -0.339189E-01 0.353062E-01 -0.925061E-03
2 -0.339189E-01 699.918 -698.954 -0.157829
3 0.353062E-01 -698.954 706.587 -1.52528
4 -0.925061E-03 -0.157829 -1.52528 0.330647
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The eigenvalues:
1 0.60027389E-05
2 0.14484824E-02
3 4.6199098
4 1402.2148
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.863449 0.504436 -0.231767E-03 -0.349107E-04
2 0.950559E-01 -0.162974 -0.683221 0.705417
3 0.950354E-01 -0.163035 -0.679707 -0.708792
4 0.486198 -0.832108 0.266847 0.691764E-03
---------------------------------------------------------------------------------
The inverse fisher matrix for CMB+WL+cluster counts (with no mass assignment error):
Col 1 2 3 4
Row
1 0.163938E-05 0.246626E-05 0.831908E-07 -0.337244E-05
2 0.246626E-05 0.590874E-05 0.168244E-05 -0.581717E-05
3 0.831908E-07 0.168244E-05 0.675078E-03 -0.432031E-05
4 -0.337244E-05 -0.581717E-05 -0.432031E-05 0.789968E-05
The eigenvalues:
1 0.16100046E-06
2 0.10903220E-05
3 0.14164063E-04
4 0.67511055E-03
The eigenvector matrix:
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Col 1 2 3 4
Row
1 -0.901406 -0.296165 -0.315837 -0.165478E-03
2 -0.479800E-01 0.793292 -0.606943 -0.257113E-02
3 -0.252374E-02 0.146616E-02 0.635191E-02 -0.999976
4 -0.430300 0.531952 0.729265 0.649827E-02
---------------------------------------------------------------------------------
The inverse fisher matrix for CMB+WL:
Col 1 2 3 4
Row
1 0.166243E-05 0.249541E-05 -0.109683E-04 -0.125089E-05
2 0.249541E-05 0.594673E-05 -0.182992E-04 -0.195647E-05
3 -0.109683E-04 -0.182992E-04 0.924171E-01 -0.179753E-01
4 -0.125089E-05 -0.195647E-05 -0.179753E-01 0.352826E-02
The eigenvalues:
1 0.49212472E-06
2 0.55250553E-05
3 0.32440083E-04
4 0.95914475E-01
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.920290 -0.371821 -0.121722 0.109766E-03
2 -0.389995 -0.896613 -0.209733 0.183394E-03
3 0.597892E-02 -0.461309E-01 0.185234 -0.981593
4 0.305749E-01 -0.236020 0.952305 0.190986
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---------------------------------------------------------------------------------
The inverse fisher matrix for CMB+cluster counts (with no mass assignment error):
Col 1 2 3 4
Row
1 0.164883E-05 0.248266E-05 -0.297099E-04 -0.339317E-05
2 0.248266E-05 0.593887E-05 -0.725838E-04 -0.585413E-05
3 -0.297099E-04 -0.725838E-04 0.401517 0.743440E-04
4 -0.339317E-05 -0.585413E-05 0.743440E-04 0.794572E-05
The eigenvalues:
1 0.16536618E-06
2 0.10920069E-05
3 0.14246956E-04
4 0.40151661
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.902360 0.293648 -0.315463 -0.739972E-04
2 0.463869E-01 -0.793883 -0.606299 -0.180780E-03
3 -0.418151E-05 -0.231948E-04 -0.268119E-03 1.00000
4 0.428479 -0.532466 0.729990 0.185165E-03
---------------------------------------------------------------------------------
The inverse fisher matrix for WL+cluster counts (with no mass assignment error):
Col 1 2 3 4
Row
1 0.193247E-03 0.941807E-03 0.491430E-03 -0.617876E-03
2 0.941807E-03 0.666305E-02 0.390949E-02 -0.371267E-02
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3 0.491430E-03 0.390949E-02 0.303127E-02 -0.208730E-02
4 -0.617876E-03 -0.371267E-02 -0.208730E-02 0.221358E-02
The eigenvalues:
1 0.19552577E-06
2 0.12759433E-03
3 0.66241169E-03
4 0.11310936E-01
The eigenvector matrix:
Col 1 2 3 4
Row
1 -0.828436 -0.514907 -0.191380 -0.109258
2 -0.177159 0.553094 -0.286126 -0.762125
3 -0.306817E-02 -0.212100 0.854568 -0.474045
4 -0.531318 0.619654 0.388870 0.427212
---------------------------------------------------------------------------------
The inverse fisher matrix for CMB cross correlated with WL (CMB x WL):
Col 1 2 3 4
Row
1 0.108347E-05 0.162307E-05 0.314065E-05 -0.204423E-05
2 0.162307E-05 0.461274E-05 0.230436E-05 -0.301638E-05
3 0.314065E-05 0.230436E-05 0.902933E-03 -0.247355E-03
4 -0.204423E-05 -0.301638E-05 -0.247355E-03 0.697733E-04
The eigenvalues:
1 0.26230535E-06
2 0.67331906E-06
3 0.66089028E-05
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4 0.97085830E-03
The eigenvector matrix:
Col 1 2 3 4
Row
1 -0.807006 -0.486572 -0.334627 -0.368623E-02
2 -0.129707E-01 0.581136 -0.813697 -0.313236E-02
3 -0.153388 0.172666 0.129474 -0.964311
4 -0.570127 0.629059 0.457338 0.264729
---------------------------------------------------------------------------------
The inverse fisher matrix for CMB x WL + cluster counts (with no mass assignment error):
Col 1 2 3 4
Row
1 0.107367E-05 0.161008E-05 0.376806E-05 -0.220531E-05
2 0.161008E-05 0.458433E-05 0.608808E-05 -0.403291E-05
3 0.376806E-05 0.608808E-05 0.300144E-04 -0.104604E-04
4 -0.220531E-05 -0.403291E-05 -0.104604E-04 0.547553E-05
The eigenvalues:
1 0.11559029E-06
2 0.66983417E-06
3 0.42628019E-05
4 0.36099739E-04
The eigenvector matrix:
Col 1 2 3 4
Row
1 -0.821965 -0.505513 -0.228368 -0.129146
2 -0.112113 0.587331 -0.769289 -0.225093
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3 -0.675090E-01 0.160942 0.396438 -0.901320
4 -0.554299 0.611225 0.445959 0.346810
---------------------------------------------------------------------------------
The inverse fisher matrix for cluster counts including the mass assignment error,
the fourth column here is the variance of the mass assignment error:
Col 1 2 3 4
Row
1 0.577621E-02 0.188708 -0.555205E-01 -0.102905
2 0.188708 6.39984 -1.86831 -3.50896
3 -0.555205E-01 -1.86831 0.546310 1.02312
4 -0.102905 -3.50896 1.02312 1.92602
The eigenvalues:
1 0.16547696E-06
2 0.11828335E-03
3 0.28739494E-02
4 8.8749537
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.827761 0.498055 -0.257151 -0.250222E-01
2 0.178156 -0.448984 -0.213493 -0.849173
3 0.524331 -0.547547 0.603188 0.247860
4 0.902726E-01 -0.500547 -0.724195 0.465666
---------------------------------------------------------------------------------
The inverse fisher matrix for CMB+WL+cluster counts (including the mass assignment error):
Col 1 2 3 4
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Row
1 0.164856E-05 0.247475E-05 0.274474E-05 -0.391222E-05
2 0.247475E-05 0.591588E-05 0.447455E-05 -0.638107E-05
3 0.274474E-05 0.447455E-05 0.115077E-02 -0.102831E-03
4 -0.391222E-05 -0.638107E-05 -0.102831E-03 0.282771E-04
The eigenvalues:
1 0.45085402E-06
2 0.38763519E-05
3 0.22141646E-04
4 0.11601470E-02
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.936794 -0.283282 -0.205333 -0.267445E-02
2 -0.341779 -0.866491 -0.363815 -0.436680E-02
3 0.576673E-02 -0.326776E-01 0.843635E-01 -0.995882
4 0.746427E-01 -0.409728 0.904632 0.905100E-01
---------------------------------------------------------------------------------
The inverse fisher matrix for CMB+cluster counts (including the mass assignment error):
Col 1 2 3 4
Row
1 0.165901E-05 0.249283E-05 -0.327111E-04 -0.395504E-05
2 0.249283E-05 0.594845E-05 -0.758383E-04 -0.646483E-05
3 -0.327111E-04 -0.758383E-04 0.402113 0.185114E-03
4 -0.395504E-05 -0.646483E-05 0.185114E-03 0.285261E-04
The eigenvalues:
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1 0.47373758E-06
2 0.47299721E-05
3 0.30827700E-04
4 0.40211274
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.928455 -0.339350 0.151041 -0.813542E-04
2 -0.368579 -0.892106 0.261336 -0.188610E-03
3 -0.151895E-04 -0.585295E-04 0.500494E-03 1.00000
4 0.460597E-01 -0.298309 -0.953357 0.460389E-03
---------------------------------------------------------------------------------
The inverse fisher matrix for WL+cluster counts (including the mass assignment error):
Col 1 2 3 4
Row
1 0.332329E-03 0.104675E-01 0.243726E-02 -0.310380E-02
2 0.104675E-01 0.555719 0.118883 -0.150188
3 0.243726E-02 0.118883 0.268754E-01 -0.326289E-01
4 -0.310380E-02 -0.150188 -0.326289E-01 0.411675E-01
The eigenvalues:
1 0.22601396E-05
2 0.42125606E-03
3 0.15800524E-02
4 0.62209063
The eigenvector matrix:
Col 1 2 3 4
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Row
1 0.885032 -0.428243 -0.181667 -0.179821E-01
2 0.982955E-01 0.120877 0.287468 -0.945034
3 0.356800E-01 0.450721 -0.868579 -0.202850
4 0.453634 0.773852 0.360457 0.255812
---------------------------------------------------------------------------------
The inverse fisher matrix for CMB x WL+cluster counts (including the mass assignment error):
Col 1 2 3 4
Row
1 0.107509E-05 0.160739E-05 0.462874E-05 -0.244055E-05
2 0.160739E-05 0.458095E-05 0.609081E-05 -0.403089E-05
3 0.462874E-05 0.609081E-05 0.225112E-03 -0.643206E-04
4 -0.244055E-05 -0.403089E-05 -0.643206E-04 0.203422E-04
The eigenvalues:
1 0.24540264E-06
2 0.67169265E-06
3 0.62406984E-05
4 0.24395243E-03
The eigenvector matrix:
Col 1 2 3 4
Row
1 -0.816394 -0.478923 -0.321995 -0.212760E-01
2 -0.168348E-01 0.578118 -0.815256 -0.292390E-01
3 -0.142728 0.176617 0.162628 -0.960202
4 -0.559327 0.636568 0.453023 0.276957
---------------------------------------------------------------------------------
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The inverse fisher matrix for cluster counts, with the 4th parameter
the variance of the mass assignment error) removed :
Col 1 2 3 4
Row
1 0.577621E-02 0.188708 -0.555205E-01 0.
2 0.188708 6.39984 -1.86831 0.
3 -0.555205E-01 -1.86831 0.546310 0.
4 0. 0. 0. 1.
The eigenvalues:
1 0.36074623E-05
2 0.10262863E-02
3 1.0000000
4 6.9508942
The eigenvector matrix:
Col 1 2 3 4
Row
1 0.895815 -0.443524 0. -0.283115E-01
2 0.100000 0.263227 0. -0.959537
3 0.433030 0.856737 0. 0.280156
4 0. 0. 1. 0.
---------------------------------------------------------------------------------
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D. Constants, Useful scales and Some Maths
c = 299, 792, 458m/s (D.1)
M = 1.98892× 1030kg (D.2)
kB = 1.3806503× 10−23m2kgs−2K−1 (D.3)
me = 9.10938188× 10−31kg (D.4)
Mpc = 3.08568025× 1022m (D.5)
σT = 6.6524× 10−29m2 (D.6)
parsec = 3.26LightYears (D.7)
Vectors are denoted by ~x and unit vectors by xˆ. A∗ denotes the complex conjugate of A.∫ ∞
−∞
dq
2pi
eiq(x−y) = δ(x− y)∫ ∞
−∞
dxeix(q−p) = 2piδ(q − p)∫ ∞
−∞
δ(x− y)f(x)dx = f(y)
An important distribution in statistics is the Gaussian distribution
f(x) =
1√
2piσ
e−
(x−µ)2
2σ2 , (D.8)
where σ is the standard deviation of the distribution and µ is the mean. Useful Scales
GalaxyDiameter ∼ 1− 100kpc
ClusterDiameter ∼ 1− 10Mpc
ObservableUniverseDiameter ∼ 30Gpc
GalaxySeparation ∼ Mpc
SuperCluster ∼ 100Mpc
MilkyWayDiameter ∼ 100, 000Lightyears
OurSuperCluster ∼ 15Mpc
(D.9)
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